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2704-2722]) contains no isometric rays, then there exists a convex
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hypercube if and only if G contains no isometric rays. We also study
the self-contractions of G which fix no finite set of vertices.
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1. Introduction

The class of netlike partial cubes was introduced in Part I [16] of this series of papers as a class of
partial cubes containing median graphs, even cycles, benzenoid graphs and cellular bipartite graphs
as particular elements.

In this fourth paper we pursue the study of netlike partial cubes by focusing on fixed subgraph
properties, and chiefly by generalizing three results of Tardif [ 18] on median graphs. Fixed subgraph
theorems are far-reaching outgrowths of metric fixed point theory. They have been a flourishing topic
in the recent literature on metric graph theory. See in particular the study [4] by Bresar et al. of tree-
like partial cubes, another class of finite partial cubes that contains all finite median graphs.

For a netlike partial cube G, just as for median graphs, the property that every self-contraction fixes
a finite regular netlike subgraph is directly linked to the absence of isometric rays in G. The proofs of
this result and of related ones, which form the best part of this paper, require the geodesic topology,
a topology which was introduced in [11] for the study of graphs containing no isometric rays, and
which turns out for netlike partial cubes to be the topology generated by the convex sets as a subbase.

In the last section we use this topology to specify which ends of a netlike partial cube are directions
of translating self-contractions of this graph, namely self-contractions which fix no finite set of
vertices.
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2. Preliminaries
2.1. Graphs

The graphs we consider are undirected, without loops or multiple edges, and may be finite or
infinite. Let G be a graph. If x € V(G), the set Ng(x) := {y € V(G) : xy € E(G)} is the neighborhood of
xin G, Ng[x] := {x} U Ng(x) is the closed neighborhood of x in G and §5(x) := |Ng(x)| is the degree of x
in G. For a set X of vertices of G we put Ng[X] := UxeX N¢lx] and Ng(X) := Ng[X] — X, we denote by
G[X] the subgraph of G induced by X, and we set G — X := G[V(G) — X].

ApathP = (xg, ..., xn) isa graph with V(P) = {Xo, ..., Xa}, X; # x;if i # j,and E(P) = {xiXi1 :
0 <i<n}.ApathP = (xo,...,xy,) is called an (xq, x,)-path, xo and x, are its endvertices, while the
other vertices are called its inner vertices, n = |E(P)| is the length of P.

Acycle C with V(C) = {x1, ..., Xa}, x; # xjifi # j,and E(C) = {xixip1 : 1 < i < n} U {x3x1},
is denoted by (x4, ..., x,, X1). The non-negative integer n = |E(C)| is the length of C, and a cycle of
length n is called an n-cycle and is often denoted by C,,.

Let G be a connected graph. The usual distance between two vertices x and y, that is, the length of
any (x, y)-geodesic (=shortest (x, y)-path) in G, is denoted by d;(x, ¥). A connected subgraph H of G is
isometric in G if dy(x, y) = dg(x, y) for all vertices x and y of H. The (geodesic) interval I (x, y) between
two vertices x and y of G is the set of vertices of all (x, y)-geodesics in G.

2.2. Convexities

A convexity on a set X is an algebraic closure system € on X. The elements of € are the convex sets
and the pair (X, C) is called a convex structure. See van de Vel [19] for a detailed study of abstract
convex structures. Several kinds of graph convexities, that is convexities on the vertex set of a graph
G, have already been investigated. We will principally work with the geodesic convexity, that is the
convexity on V(G) which is induced by the geodesic interval operator I¢. In this convexity, a subset
C of V(G) is convex provided it contains the geodesic interval Is(x, y) for all x,y € C. The convex
hull cog (A) of a subset A of V(G) is the smallest convex set which contains A. The convex hull of a
finite set is called a polytope. A subset H of V(G) is a half-space if H and V(G) — H are convex. We
denote by {; the pre-hull operator of the geodesic convex structure of G, i.e. the self-map of £ (V(G))
such that 4(A) = Ux,yeA Ig(x,y) for each A € V(G). The convex hull of a set A C V(G) is then
cog(A) = U,y JE(A). Furthermore we say that a subgraph of a graph G is convex if its vertex set is
convex, and by the convex hull coc(H) of a subgraph H of G we mean the smallest convex subgraph of
G containing H as a subgraph, that is

cog(H) == G[coc(V(H))].

2.3. Netlike partial cubes

First we recall some properties of partial cubes, that is of isometric subgraphs of hypercubes. Partial
cubes are particular connected bipartite graphs.
For an edge ab of a graph G, let

WS = {x € V(G) : dg(a, x) < dg(b, X))},
US, == No(Wg).
If no confusion is likely, we will simply denote th) and UﬂGb by W, and Uy, respectively. Note that

the sets Wy, and W), are disjoint and that V(G) = W, U Wy, if G is bipartite and connected.
Two edges xy and uv are in the Djokovié-Winkler relation @ if

do(x, u) + dc(y, v) # do(X, v) + dc(y, u).

If G is bipartite, the edges xy and uv are in relation @ if and only if dg(x,u) = dg(y, v) and
dc(x, v) = dg(y, u). The relation @ is clearly reflexive and symmetric.
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