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The problem of constructing polynomials with all coeffi-
cients 1 or −1 and large merit factor (equivalently with small 
L4 norm on the unit circle) arises naturally in complex anal-
ysis, condensed matter physics, and digital communications 
engineering. Most known constructions arise (sometimes in a 
subtle way) from difference sets, in particular from Paley and 
Singer difference sets. We consider the asymptotic merit factor 
of polynomials constructed from other difference sets, provid-
ing the first essentially new examples since 1991. In particular 
we prove a general theorem on the asymptotic merit factor of 
polynomials arising from cyclotomy, which includes results on 
Hall and Paley difference sets as special cases. In addition, 
we establish the asymptotic merit factor of polynomials de-
rived from Gordon–Mills–Welch difference sets and Sidelnikov 
almost difference sets, proving two recent conjectures.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

The problem of constructing polynomials having all coefficients in the set {−1, 1}
(frequently called Littlewood polynomials) with small Lα norm on the complex unit circle 
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arises naturally in complex analysis [27,28,6,12], condensed matter physics [3], and the 
design of sequences for communications devices [13,2].

Recall that, for 1 ≤ α < ∞, the Lα norm on the unit circle of a polynomial f ∈ C[z] is
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The L4 norm has received particular attention because it is easier to calculate than most 
other Lα norms. Specifically, the L4 norm of f ∈ C[z] is exactly the sum of the squared 
magnitudes of the coefficients of f(z)f(z−1). It is customary (see [6], for example) to mea-
sure the smallness of the L4 norm of a polynomial f by its merit factor F (f), defined by

F (f) = ‖f‖4
2

‖f‖4
4 − ‖f‖4

2
,

provided that the denominator is nonzero. Note that, if f is a Littlewood polynomial of 
degree n −1, then ‖f‖2 =

√
n and so a large merit factor means that the L4 norm is small.

We note that Golay’s original equivalent definition [13] of the merit factor involves 
the aperiodic autocorrelations (which are precisely the coefficients of f(z)f(z−1)) of the 
sequence formed by the coefficients of f .

In spite of substantial progress on the merit factor problem in the last fifty years 
(see [19,17,7] for surveys and [20] for a brief review of more recent work), modulo gen-
eralisations and variations, only three nontrivial families of Littlewood polynomials are 
known, for which we can compute the asymptotic merit factor. These are: Rudin–Shapiro 
polynomials and polynomials whose coefficients are derived either from multiplicative or 
additive characters of finite fields. As shown by Littlewood [28], Rudin–Shapiro polyno-
mials are constructed recursively in such a way that their merit factor satisfies a simple 
recurrence, which gives an asymptotic value of 3. The largest asymptotic merit fac-
tors that have been obtained from the other two families equal cubic algebraic numbers 
6.342061 . . . and 3.342065 . . . , respectively [21,20] (see Corollary 2.4 and Theorem 2.1 in 
this paper for precise statements).

The latter two families of polynomials are closely related to classical difference sets, 
namely Paley and Singer difference sets. Recall that a difference set with parameters 
(n, k, λ) is a k-subset D of a finite group G of order n such that the k(k − 1) nonzero 
differences of elements in D hit every nonzero element of G exactly λ times (so that 
k(k − 1) = λ(n − 1)). We are interested in the case that the group G is cyclic. In this 
case, we fix a generator θ of G and associate with a subset D of G the Littlewood 
polynomial

fr,t(z) =
t−1∑
j=0

1D(θj+r)zj , (1)
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