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Given a finite n-element set X, a family of subsets F ⊂ 2X is 
said to separate X if any two elements of X are separated by at 
least one member of F . It is shown that if |F| > 2n−1, then one 
can select �logn� +1 members of F that separate X. If |F| ≥
α2n for some 0 < α < 1/2, then logn + O(log 1

α
log log 1

α
)

members of F are always sufficient to separate all pairs of 
elements of X that are separated by some member of F . This 
result is generalized to simultaneous separation in several sets. 
Analogous questions on separation by families of bounded 
Vapnik–Chervonenkis dimension and separation of point sets 
in Rd by convex sets are also considered.
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1. Introduction

For a set X, we say that a subset of X separates two elements if it contains one of them 
and does not contain the other. For a family F of subsets of X, we say that it separates
a pair of elements of X if at least one member of F separates them. Furthermore, 
F separates X if every pair of distinct elements of X is separated by F .

Suppose your computer is infected by a virus x ∈ X, where X is the set of known 
computer viruses. You want to perform a number of tests to find out which virus it is. 
Each test detects a certain set of viruses, which can be associated with the test. Let 
F denote the family of subsets of X associated with the tests you can perform. These 
tests are sufficient to identify the virus if, and only if F separates X. The number of 
tests necessary is at least log |X|, where log stands for the base 2 logarithm. On the 
other hand, there is a family F ⊂ 2X with |F| ≤ �log |X|� that separates X. This is the 
starting point of a rich discipline called combinatorial search theory; see [1] [2], [4], [10].

Any fixed pair of distinct elements in X is separated by 2|X|−1 subsets of X, thus a 
family F with |F| > 2|X|−1 separates X. Our first theorem states that in this case, even 
a small subfamily of F does the job.

Theorem 1. Let X be a finite set, F ⊆ 2X with |F| > 2|X|−1. Then X can be separated 
by a subfamily G ⊆ F of cardinality at most �log |X|� + 1.

This statement is almost tight, but not completely. Indeed, for |X| = 5, Theorem 1
guarantees the existence of a 4-member separating family, but it is easy to verify that 3
sets suffice. In the following generalization we give the best possible bound.

Theorem 2. Let X1, . . . , Xk be pairwise disjoint sets with |Xi| ≤ n for i = 1, 2, . . . , k. Let 
X =

⋃k
i=1 Xi. If F ⊆ 2X satisfies |F| > 2|X|−1, then F has a subfamily of cardinality at 

most �logn� + 1 that separates Xi for every i (i = 1, 2, . . . , k).
The above bound is tight, that is, the same statement is false for every n ≥ 2, if we 

replace �logn� + 1 by �logn�.

We call |F|/2|X| the density of F . If this slips below 1/2, we cannot guarantee the 
existence of a small subfamily separating X, as F itself does not necessarily separate X. 
But, as claimed by the next theorem, we can still find a small subfamily separating all 
pairs in X that F separates. We state this result for simultaneous separation.

Theorem 3. Let X1, . . . , Xk be pairwise disjoint sets with |Xi| ≤ n for all i = 1, 2, . . . , k. 
Let X =

⋃k
i=1 Xi and F ⊆ 2X . Then F has a subfamily of size at most �log n� +

C log 1
α log log 1

α separating every pair in each Xi that is separated by F . Here α =
|F|/2|X| is the density of F and C is a universal constant.

As we explain in Section 2 (after the proof of Theorem 2), it is possible that this 
statement holds without the log log 1

α factor. However, there exist families F for which 
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