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1. IP and SIP sets

We will use Z, Z,, N to stand for the sets of integers, nonnegative integers and positive
integers, respectively.

For F' a finite subset of Z, we denote by op € Z the sum of the elements of F' with
the convention that oy = 0. Of course, if F' is a nonempty subset of N, then op € N.

Call a subset A of Z symmetric if —A = A where —A = {—a : a € A}. For any subset
Aof Zlet Ay = AU —A so that AL is the smallest symmetric set which contains A.
On the other hand, let Ay = ANN, the positive part of A. Note that if A is symmetric
then A=Ay and A\ {0} = (A4)s.
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For subsets Ay, Ay of Z welet Ay + Ay = {a1+az: a1 € Ay a2 € A} and A; — Ay =
A1+ (—As). If Ay = {n} we write A —n for A; — As.
Let A be a nonempty subset of Z. We set

D(A)={a1—az:a1,a2 € A} =A—-A
IP(A) = {oF : F a finite subset of A}
SIP(A) = D(IP(A)) =IP(A) — IP(A).
Clearly, 0 € D(A) and D(A) is symmetric and so the same is true of SIP(A). If 0 € A
then A C D(A). In general, D(A)UAU—A = D(AU{0}). In particular, 0 = o € IP(A)
implies TP(A) C SIP(A).
If A C N then IP(A) = {0} UIP(A)4 since 0 = oy € IP(A). IP(A) = IP(AU{0}) =
IP(A\ {0}).

N.B. We include 0 = oy in IP(A) for A any nonempty subset of Z. This is a convenience
which ensures, for example, that IP(A) is a subset of SIP(A) for A C N. For A C N, our
set IP(A), is what is more often called the IP set on A, following Definition 2.3 of [2].

Lemma 1.1. If B is a nonempty subset of N then
SIP(B) =IP(B4).
If A is a symmetric subset of Z with A\ {0} nonempty then
SIP(AL) =IP(A).
Proof. If F C B4 then
OF = O0FNB +O0Fn-B = 0OFNB — 0(—F)NB-

Hence, IP(By) C SIP(B).
For the reverse inclusion, let Fy, F5 be finite subsets of B.

O-Fl - O-Fz = O-F1U—F27

since F; and —F5 are disjoint.

If A is symmetric and A\ {0} is nonempty then A, is nonempty and the previous
result applied to B = A yields the second equation since (44 )+ = A\ {0} and IP(4) =
IP(A\{0}). O

We say that a subset B C N is

o a difference set if there exists an infinite subset A of N such that D(A4); C B.
o an IP set if there exists an infinite subset A of N such that IP(A); C B.
o an SIP set if there exists an infinite subset A of N such that SIP(A); C B.



Download English Version:

https://daneshyari.com/en/article/4655077

Download Persian Version:

https://daneshyari.com/article/4655077

Daneshyari.com


https://daneshyari.com/en/article/4655077
https://daneshyari.com/article/4655077
https://daneshyari.com

