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In this note we prove that the number of combinatorial types 
of d-polytopes with d + 1 + α vertices and d + 1 + β facets is 
bounded by a constant independent of d.

© 2016 Elsevier Inc. All rights reserved.

There is only one combinatorial type of d-polytope with d + 1 vertices, the simplex. 
Every d-polytope with d + 2 vertices is combinatorially equivalent to a repeated pyra-
mid over a direct sum of two simplices, pyrk(Δn ⊕ Δm) with k ≥ 0, m, n ≥ 1 (cf. [2, 
Section 6.1]). The number of d-polytopes with d + 3 vertices is exponential in d [1], and 

the number of d-polytopes with d + 4 vertices is already super-exponential in d [8,9]. Of 
course, the same numbers apply for polytopes with few facets, by polarity.

In this note we prove that, in contrast, there are few (combinatorial types of) convex 

polytopes that have both few vertices and few facets.
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Theorem 1. For each pair of nonnegative integers α and β there is a constant K(α, β), 
independent from d, such that the number of combinatorial types of d-polytopes with no 
more than d +1 +α vertices and no more than d +1 +β facets is bounded above by K(α, β).

This theorem is a direct consequence of the following structural result.

Theorem 2. For each pair of nonnegative integers α and β there is a constant D(α, β) =
O(α2 +β2) such that every d-polytope with no more than d +1 +α vertices and no more 
than d +1 +β facets is a join of a simplex and an at most D(α, β)-dimensional polytope.

Equivalently, every d-polytope with d > D(α, β) either is a pyramid, has more than 
d + 1 + α vertices or has more than d + 1 + β facets.

Moreover, (the minimal such) D(α, β) satisfies

ϕ(α, β) ≤ D(α, β) ≤ min {Φ(α, β),Φ(β, α)} ,

where

Φ(x, y) =

⎧⎪⎨
⎪⎩

0 if x = 0 or y = 0,
3x + y − 2 if 1 ≤ x ≤ 5,(
x
2
)

+ y + 3 if x ≥ 5;

and

ϕ(x, y) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if x = 0 or y = 0,
x + y if x = 1 or y = 1,
x + 2y − 1 if x ≥ y > 1,
2x + y − 1 if y ≥ x > 1.

Indeed, this theorem shows that for every d the number of combinatorial types of 
d-polytopes with no more than d + 1 + α vertices and no more than d + 1 + β facets is 
bounded above by those in dimension D(α, β). Since the vertex-facet incidences deter-
mine the combinatorial type, we get the following crude estimate for K(α, β):

K(α, β) < 2(D(α,β)+α+1)(D(α,β)+β+1) = 2O(α4+β4).

Our proof of Theorem 2 is based on a result of Marcus on minimal positively 
2-spanning configurations [6,7], which via Gale duality provides lower bounds on the 
number of vertices of what Wotzlaw and Ziegler call unneighborly polytopes [11]. A poly-
tope P is unneighborly if for every vertex v of P there is another vertex w such that 
(v, w) does not form an edge of the graph of P .

Theorem 3 (Marcus 1981[6]). If P is an unneighborly d-polytope with d +1 +α vertices, 
then

d ≤
{

3α− 1 if α ≤ 5,(
α
2
)

+ 4 if α ≥ 5.
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