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1. Introduction
1.1. Notation

We adhere to standard notation and terminology concerning permutations. We write
G, for the symmetric group on the symbols {1,2,...,n}, and we multiply permutations
from right to left. The number of cycles in 7 € &,, is denoted by ¢(). For a composition
a = (a1,...,am,) of n, we write C, for the conjugacy class of &,, consisting of all
permutations whose disjoint cycles are of lengths ag, ..., ;. Elements of C, are said
to be of cycle type . Permutations of cycle type (k,1,1,...,1) are called k-cycles, with
2-cycles more commonly referred to as transpositions. We typically suppress cycles of
length 1 when writing permutations in disjoint cycle notation. Thus (ij) denotes a
transposition in &,,, with the value of n to be understood from context.

For any list of integers 8 = (f1, f2,...) with finite support, let |3| = >, fr and let
£(8) be the number of nonzero entries of 8. In particular, for 7 € C, C &,, we have
|a] = n and £(a) = (7).

For an integer partition ! and a set of indeterminates x = (x1,...,2,), we write
hi(x), e;(x) and s;(x), respectively, for the complete, elementary, and Schur symmetric
polynomials indexed by I. We adopt the convention that each of these polynomials is 0
when [ is not a partition.

The ring of formal power series in indeterminates x = (z1,...,%;,,) over the ring R
is denoted by R][[x]]. If f € R[[x]] and i = (1,...,im) is a list of nonnegative integers,
then we write [x!] f for the coefficient of the monomial x' = 2% ---zim in f. We let Dy

denote the total derivative operator on R[[x]], namely Dy = 30" | z; 52

1.2. Factorizations of permutations

A factorization of a permutation 7 € &, is a tuple f = (o1,...,0.) where each
o; € 6, and 7 = 01---0,. The o; are the factors of f. The number of factors, r, is
the length of f, and is denoted by ¢(f). We will generally be less formal and write a
factorization simply as the product of its factors. For instance,

(123)(46)-(2465) - (14)(23)(56) (1)

is a factorization of (142)(36)(5) of length 3.

Let f be a factorization of # € &,,. We define the class of f to be the cycle type
of 7, while the signature of f is the list 8 = (B2, fs,...), where [ is the total number
of k-cycles amongst all factors. The depth of f, denoted by (f), is defined as

(fy=> (-1

Jj=2
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