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We give upper bounds on the minimal degree of a model in 
P

2 and the minimal bidegree of a model in P1 × P
1 of the 

curve defined by a given Laurent polynomial, in terms of 
the combinatorics of the Newton polygon of the latter. We 
prove in various cases that this bound is sharp as soon as the 
polynomial is sufficiently generic with respect to its Newton 
polygon.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let k be an algebraically closed field and let f ∈ k[x±1, y±1] be an irreducible Laurent 
polynomial whose Newton polygon, denoted by Δ(f), we assume to be two-dimensional. 
Let T2 = k∗ × k∗ be the two-dimensional torus over k, and denote by Uf ⊂ T

2 the curve 
defined by f . (Throughout this paper, all curves are understood to be irreducible, but 
not necessarily non-singular and/or projective.) For a curve C/k we define s2(C) as the 
minimum of

S2(C) =
{
d ∈ N | C � a curve of degree d in P

2 }
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and s1,1(C) as the lexicographic minimum of

S1,1(C) =
{

(a, b) ∈ N
2 ∣∣ a ≤ b and C � a curve of bidegree (a, b) in P

1 × P
1 } ,

where � denotes birational equivalence. The aim of this article is to give upper bounds 
on the invariants s2(Uf ) and s1,1(Uf ) purely in terms of the combinatorics of Δ(f).

The invariant s2(C) has seen study in the past [11,17,19] but is not well-understood. 
On the other hand we are unaware of existing literature explicitly devoted to s1,1(C), even 
though for hyperelliptic curves the notion has made an appearance [14] in the context 
of cryptography. Note that at first sight, the definition of s1,1(C) has a non-canonical 
flavor: instead of lexicographic, one could also consider the minimum with respect to 
other types of monomial orders on N2. But in fact we conjecture:

Conjecture 1.1. For each curve C/k the set S1,1(C) admits a minimum with respect to 
the product order ≤ × ≤ on N2.

Because the product order is coarser than every monomial order, this would mean that 
the term ‘lexicographic’ can be removed without ambiguity. In Section 2 we will state 
a number of basic facts on s2(C) and s1,1(C), along with some motivation in favor of 
Conjecture 1.1.

Our central combinatorial notion is the lattice size lsX(Δ) of a lattice polygon Δ with 
respect to a set X ⊂ R

2 with positive Jordan measure. In case Δ �= ∅ we define it as the 
smallest integer d ≥ 0 for which there exists a unimodular transformation ϕ : R2 → R

2

such that

ϕ(Δ) ⊂ dX.

A unimodular transformation that attains this minimum is said to compute the lattice 
size. We will restrict ourselves to three instances of X, namely

[0, 1] × R, Σ = conv{(0, 0), (1, 0), (0, 1)}, � = conv{(0, 0), (1, 0), (0, 1), (1, 1)},

where it is convenient to define lsX(∅) = −1, −2, −1, respectively.
In the case of X = Σ the lattice size measures the smallest standard triangle containing 

a unimodular copy of Δ.

This was studied by Schicho [25], who designed an algorithm for finding a unimodular 
transformation that maps a given polygon Δ inside a small standard triangle. He did 
this in the context of simplifying parameterizations of rational surfaces. Our results 
below show that Schicho’s algorithm works optimally, that is, its output computes the 
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