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Article history: We obtain explicit formulas for the enumeration of labelled
Received 15 May 2013 parallelogram polyominoes. These are the polyominoes that

Available online 19 December 2014 are bounded, above and below, by north-east lattice paths

going from the origin to a point (k,n). The numbers from
Parallelo ) . 1 to n (the labels) are bijectively attached to the n north
gram polyominoes

Representation theory steps of the above-bounding path, with the condition that
Macdonald polynomials they appear in increasing values along consecutive north steps.
We calculate the Frobenius characteristic of the action of the
symmetric group S,, on these labels. All these enumeration
results are refined to take into account the area of these
polyominoes. We make a connection between our enumeration
results and the theory of operators for which the integral
Macdonald polynomials are joint eigenfunctions. We also
explain how these same polyominoes can be used to explicitly
construct a linear basis of a ring of SLg-invariants.
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1. Introduction

Parallelogram polyominoes have been studied by many authors (see [5,11,8] for a nice
survey and enumeration results). They correspond to pairs 7 = («, ) of north-east
paths going from the origin to a point (k,n) in the combinatorial plane N x N, with
the path a staying “above” the path 8. Our aim here is to study properties, and related
nice formulas, of “labelled parallelogram polyominoes”. These are obtained by bijectively
labelling each of the n north steps of the path a with the numbers between 1 and n.
Our motivation stems from a similarity between this new notion and recent work on
labelled intervals in the Tamari lattice, in connection with the study of trivariate diagonal
harmonic polynomials for the symmetric group (see [4]).

We calculate explicitly the Frobenius characteristic of the natural action of the sym-
metric group S,, on these labelled polyominoes; and study aspects of a weighted version
of this Frobenius characteristic with respect to the area of the polyominoes. This con-
nects our study to interesting operators for which adequately normalized Macdonald
polynomials are joint eigenfunctions. This is the same theory that appears in the study
of the S,-module of bi-variate diagonal harmonics (see [13,14,10]).

We also extend some of our considerations to parallelogram polyominoes, with added
labels on east steps of the below-bounding path; with a corresponding action of the group
Sk X S,,. Several components of these spaces are naturally related to parking function
modules.

2. Paths and labelled paths

Let k and n be two positive integers and set N =k + n. A k x n north-east (lattice)
path in N x N is a sequence o = (pg, ..., pi, ... pn) of points p; = (x;,y;) in N x N, with
po = (0,0) and py = (k,n), and such that

(i, y:;) +(1,0) an east step, or
(xi,y:) + (0,1) a north step.

(Tig1,Yir1) = {



Download English Version:

https://daneshyari.com/en/article/4655171

Download Persian Version:

https://daneshyari.com/article/4655171

Daneshyari.com


https://daneshyari.com/en/article/4655171
https://daneshyari.com/article/4655171
https://daneshyari.com

