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A system of linear equations with integer coefficients is 
partition regular over a subset S of the reals if, whenever 
S \ {0} is finitely coloured, there is a solution to the system 
contained in one colour class. It has been known for some 
time that there is an infinite system of linear equations that 
is partition regular over R but not over Q, and it was recently 
shown (answering a long-standing open question) that one can 
also distinguish Q from Z in this way.
Our aim is to show that the transition from Z to Q is not 
sharp: there is an infinite chain of subgroups of Q, each of 
which has a system that is partition regular over it but not 
over its predecessors. We actually prove something stronger: 
our main result is that if R and S are subrings of Q with R
not contained in S, then there is a system that is partition 
regular over R but not over S. This implies, for example, that 
the chain above may be taken to be uncountable.

© 2014 Elsevier Inc. All rights reserved.

E-mail addresses: b.a.barber@bham.ac.uk (B. Barber), nhindman@aol.com (N. Hindman), 
leader@dpmms.cam.ac.uk (I. Leader), d.strauss@hull.ac.uk (D. Strauss).

URL: http://nhindman.us (N. Hindman).
1 This author acknowledges support received from the National Science Foundation via Grant 

DMS-1160566.

http://dx.doi.org/10.1016/j.jcta.2014.10.002
0097-3165/© 2014 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jcta.2014.10.002
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcta
mailto:b.a.barber@bham.ac.uk
mailto:nhindman@aol.com
mailto:leader@dpmms.cam.ac.uk
mailto:d.strauss@hull.ac.uk
http://nhindman.us
http://dx.doi.org/10.1016/j.jcta.2014.10.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcta.2014.10.002&domain=pdf


94 B. Barber et al. / Journal of Combinatorial Theory, Series A 129 (2015) 93–104

1. Introduction

Consider the following system of u linear equations in v unknowns:

a1,1x1 + a1,2x2 + · · · + a1,vxv = 0
a2,1x1 + a2,2x2 + · · · + a2,vxv = 0

...
...

. . .
...

...
au,1x1 + au,2x2 + · · · + au,vxv = 0

If the coefficients are rational numbers and the set N of positive integers is finitely 
coloured, is one guaranteed to be able to find monochromatic x1, x2, . . . , xv solving the 
given system? That is, is the system of equations partition regular? In [8], Rado answered 
this question, showing that the system is partition regular if and only if the matrix of 
coefficients

A =

⎛
⎜⎜⎜⎝

a1,1 a1,2 · · · a1,v
a2,1 a2,2 · · · a2,v

...
...

. . .
...

au,1 au,2 · · · au,v

⎞
⎟⎟⎟⎠

satisfies the columns condition:

Definition 1.1. Let u, v ∈ N and let A be a u × v matrix with entries from Z. Denote 
column i of A by �ci. The matrix A satisfies the columns condition if there exist m ∈
{1, 2, . . . , v} and a partition {I1, I2, . . . , Im} of {1, 2, . . . , v} such that

(1)
∑

i∈I1
�ci = �0;

(2) for each t ∈ {2, 3, . . . , m}, if any, 
∑

i∈It
�ci is a linear combination with coefficients 

from Q of {�ci : i ∈
⋃t−1

j=1 Ij}.

If one considers the same equations over R, an easy compactness argument shows that 
a finite system of equations is partition regular over the reals if and only if it is partition 
regular over the integers.

Note that the restriction to integer coefficients might as well be to rational coefficients, 
as we are always free to multiply each equation by a constant. We remark in passing 
that if one were to allow coefficients that are not rational, then the situation for finite 
systems is again understood: in [9], Rado extended his result by showing that if R is 
any subring of the set C of complex numbers and the entries of A are from R, then the 
system of equations is partition regular over R if and only if the matrix A satisfies the 
columns condition over the field F generated by R (which means that we replace ‘linear 
combination with coefficients from Q’ by ‘linear combination with coefficients from F ’).
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