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The main results of this paper are generalizations of some
classical theorems about transversals for families of finite sets
to some cases of families of infinite sets.
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1. Statements of the problems and the results

In this paper we consider Helly–Gallai numbers for families of sets that are similar to
families of sets which are solutions for finite systems of equations.

Definition 1.1. A set X, |X| � t, is called a t-transversal of a family of sets F if A∩X �= ∅
for every A ∈ F . By τ(F ) denote the least positive integer t such that there exists a
t-transversal of the family F . This number τ(F ) is called the transversal number (or
piercing number) of P , see [11,9].
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Definition 1.2. The Helly–Gallai number HG(t, F ) of a family of sets F is called a minimal
number k such that every subfamily G ⊆ F has a t-transversal as soon as every subfamily
H ⊆ G of size |H| � k has a t-transversal, see [11,3,9].

For every family F , the existence of a 1-transversal is equivalent to the condition that
the intersection of all sets of F is nonempty. Therefore a number HG(1, F ) is also called
a Helly number H(F ) for a family F .

Remark 1.3. If F is a family of intervals on the line, then HG(t, F ) = t + 1. If F is
a family of convex compact sets in R

d, d � 2 and t � 2, then HG(1, F ) = d + 1 and
numbers HG(t, F ) for t � 2 don’t exist.

The Helly numbers for a family of algebraic varieties were found by T.S. Motzkin,
see [13].

Definition 1.4. Let Ad
m be a family of sets of common zeroes in R

d for a finite collection
of polynomials of d variables and degree at most m.

Theorem 1.5 (Motzkin’s Theorem). (See [13].) We have

H
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m

)
=

(
m + d

d

)
.

The Helly–Gallai numbers for the family of algebraic varieties Ad
n were determined by

M. Deza and P. Frankl [4], and V. Dol’nikov [5]. They are given by the formula:
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=
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)
.

In the papers [5,7] the Helly–Gallai numbers for families of sets of more general kind
were considered. More precisely, families were the zero sets of linear finite-dimensional
subspaces of functions from a ground set V to a field F.

In particular, the Helly–Gallai numbers

HG(t, Sd−1) =
(
d + t + 1

t

)

for families of spheres Sd−1 in R
d were found. Independently Helly numbers H(Sd−1)

were found by H. Maehara [12].
Now we give some bounds for the Helly–Gallai numbers of quasialgebraic families of

sets.

Definition 1.6. Let F be a family of sets. Denote inductively F 0 = F and

F k+1 =
{
B: B = Ai ∩Aj , where Ai, Aj ∈ F k and Ai �= Aj

}
.
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