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Let G be a finite abelian group of torsion r and let A be
a subset of G. The Freiman–Ruzsa theorem asserts that if
|A + A| � K|A| then A is contained in a coset of a subgroup
of G of size at most K2rK

4 |A|. It was conjectured by Ruzsa
that the subgroup size can be reduced to rCK |A| for some
absolute constant C � 2. This conjecture was verified for r = 2
in a sequence of recent works, which have, in fact, yielded a
tight bound. In this work, we establish the same conjecture
for any prime torsion.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Let A be a subset of a finite abelian group. The doubling constant of A is defined by
|A+A|/|A|, where as usual A+B = {a+ b | a ∈ A, b ∈ B}. The spanning constant of A
is defined by |〈A〉|/|A|, where 〈A〉 is the affine span of A, i.e., the smallest subgroup or
coset of a subgroup containing A.

The Freiman–Ruzsa theorem in Finite Torsion Groups [11] explores the relation be-
tween these two parameters, in groups of a fixed torsion r. Namely, we are assuming that
r is the largest order of an element in the underlying group.
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Theorem 1. (Ruzsa [11]) Let A be a finite subset of an abelian group of torsion r. If
|A + A|/|A| � K, then |〈A〉|/|A| � K2rK

4 .

It is natural to ask how tight this bound is. To this end, the following function is
defined for r ∈ N and K � 1.

F (r,K) = sup
{
|〈A〉|
|A| |A ⊆ Z

n
r , n ∈ N,

|A + A|
|A| � K

}
.

Here and throughout, Zr = Z/rZ. Note that there is no loss of generality in assuming
A ⊆ Z

n
r , rather than considering a general abelian r-torsion group. Otherwise, A ⊆ G =

Z
n
r /H for some n and H, and the same doubling and spanning constants can be achieved

by taking the preimage of A under the quotient map.
A lower bound on F (r,K) is obtained by taking a set of affinely independent elements.

Specifically, if we choose A = {0, e1, e2, . . . , e2K−2}, the canonical basis of Z
2K−2
r , for

K ∈ 1
2N and r � 3, then the doubling constant of A equals K, and we have

F (r,K) � r2K−2

2K − 1 . (1)

This leads to the following conjecture.

Conjecture 2. (Ruzsa [11]) There exists some C � 2 for which F (r,K) � rCK .

Green and Ruzsa [7] lowered the bound in Theorem 1 to F (r,K) � K2r2K2−2. In the
special case r = 2, further progress has been made [4,12,8,10,6]. In particular, Green and
Tao [8] showed that F (2,K) � 22K+O(

√
K log K), thus settling Conjecture 2 for r = 2.

A refinement of their argument enabled the first author [6] to find the exact value of
F (2,K), which turned out to be Θ(22K/K). In this note we extend these techniques to
the case of general prime torsion.

Theorem 3. For p > 2 prime and K � K0,

F (p,K) � p2K−2

2K − 1 .

Here K0 = 8 is an absolute constant.

This verifies Ruzsa’s conjecture for prime torsion. Moreover, the prescribed upper
bound is best possible for half-integer K, as was demonstrated in (1). Although no
attempt was made to optimize K0, we note that our method is essentially applicable to
lower values of K. For more details, see our comments at the end of Section 3.

Theorem 3 is proven in Section 3. The proof elaborates on methods of subset com-
pressions in F

n
2 , which were first employed in the present context by Green and Tao [8].
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