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where ¢® > 0, and y &~ 27.23 is the exponential growth rate of
planar graphs. This generalizes the result for the planar case g =0,
obtained by Giménez and Noy.
An analogous result for non-orientable surfaces is obtained. In
addition, it is proved that several parameters of interest behave
asymptotically as in the planar case. It follows, in particular, that
a random graph embeddable in Sg; has a unique 2-connected
component of linear size with high probability.

© 2010 Elsevier Inc. All rights reserved.

E-mail addresses: gchapuy@sfu.ca (G. Chapuy), eric.fusy@inria.fr (E. Fusy), omer.gimenez@gmail.com (O. Giménez),
mohar@sfu.ca (B. Mohar), marc.noy@upc.edu (M. Noy).
1 Supported by a CNRS/PIMS postdoctoral fellowship. Partial support from the European Grant ERC StG 208471 -
ExploreMaps.
2 Supported by the European Grant ERC StG 208471 - ExploreMaps.
3 Supported in part by the Research Grant P1-0297 (Slovenia), by an NSERC Discovery Grant (Canada) and by the Canada
Research Chair program. On leave from: IMFM & FMF, Department of Mathematics, University of Ljubljana, Ljubljana, Slovenia.

0097-3165/$ - see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcta.2010.11.014


http://dx.doi.org/10.1016/j.jcta.2010.11.014
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcta
mailto:gchapuy@sfu.ca
mailto:eric.fusy@inria.fr
mailto:omer.gimenez@gmail.com
mailto:mohar@sfu.ca
mailto:marc.noy@upc.edu
http://dx.doi.org/10.1016/j.jcta.2010.11.014

G. Chapuy et al. / Journal of Combinatorial Theory, Series A 118 (2011) 748-777 749

1. Introduction and statement of main results

It has been shown by Giménez and Noy [21] that the number of planar graphs with n labelled
vertices grows asymptotically as

c-n~"2ym

where ¢ > 0 and y ~ 27.23 are well-defined analytic constants. Since planar graphs are precisely
those that can be embedded in the sphere, it is natural to ask about the number of graphs that can
be embedded in a given surface.

In what follows, graphs are simple and labelled with V = {1, 2,...,n}, so that isomorphic graphs

are considered different unless they have exactly the same edges. Let Sg be the orientable surface of

genus g, that is, a sphere with g handles, and let af.,g) be the number of graphs with n vertices embed-

dable in Sg. A first approximation to the magnitude of these numbers was given by McDiarmid [28],
who showed that

a;g) 1/n
nﬁﬁo(W) -7
(&)

This establishes the exponential growth of the a,;>’, which is the same as for planar graphs and does
not depend on the genus.

In this paper we provide a considerable refinement and obtain a sharp estimate, showing how
the genus comes into play in the subexponential growth. In the next statements, y is the exponential
growth rate of planar graphs, and y,, is the exponential growth rate of planar graphs with n vertices
and |un] edges. Both ¥ and the function y,, are determined analytically in [21].

Theorem 1.1. For g > 0, the number a,(,g) of graphs with n vertices that can be embedded in the orientable

surface Sg of genus g satisfies

where c(® is a positive constant and y is as before.

For € (1, 3), the number a,ﬂ‘?fn of graphs with n vertices and m = | jun] edges that can be embedded in S¢

satisfies

a®), ~ ct®n%8/2=4(y, "l whenn — oo, (2)
where CE{”) is a positive constant and y,, is as before.

We also prove an analogous result for non-orientable surfaces. Let Nj, be the non-orientable surface
of genus h, that is, a sphere with h crosscaps.

Theorem 1.2. For h > 1, the number b,(,h) of graphs with n vertices that can be embedded in the non-orientable
surface Ny, of genus h satisfies

br(lh) N E(h)nS(h—z)/4—1ynn! 3)

where ¢0 is a positive constant and y is as before.
For u € (1, 3), the number b,ﬁhﬁn of graphs with n vertices and m = | un] edges that can be embedded in N,

satisfies

b ~ EPnoM4=4(y,)"n! when n — oo,

(h)
"

where ¢, is a positive constant and y,, is as before.
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