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A basic result in Ramsey theory states that any tournament 
contains a “large” transitive subgraph. Since transitive tour-
naments contain only transitive subgraphs, it is natural to 
ask which subgraphs must appear in any large tournament 
that is “far” from being transitive. One result of this type was 
obtained by Fox and Sudakov who characterized the tourna-
ments that appear in any tournament that is ε-far from being 
transitive. Another result of this type was obtained by Berger 
et al. who characterized the tournaments that appear in any 
tournament that cannot be partitioned into a bounded num-
ber of transitive sets.
In this paper we consider the common generalization of the 
above two results, namely the tournaments that must appear 
in any tournament that is ε-far from being the union of a 
bounded number of transitive sets. Our main result is a precise 
characterization of these tournaments.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

A tournament T = (V, E) is a digraph such that for every two distinct vertices u, v
exactly one of the ordered pairs (u, v) or (v, u) is an edge. A tournament is transitive 
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if it contains no directed cycle, or equivalently, if it is possible to order its vertices 
so that all edges “point” from left to right. We use Tn to denote the (unique) n-vertex 
transitive tournament. If T is a tournament, we say that a subset of vertices X ⊆ V (T ) is 
transitive if the sub-tournament induced by X is transitive. One of the most basic results 
in graph theory (sometimes attributed to [19] and [12]) states that any tournament on 
2k−1 vertices contains a transitive subset of size k (i.e., a copy of Tk). Since Tn contains 
only transitive subsets, it is clear that transitive tournaments are the only subgraphs 
that are guaranteed to appear in any tournament. It is thus natural to ask if there are 
any tournaments that are guaranteed to appear in any tournament that is “far” from 
being transitive?

Before describing the first result of this type let us introduce some definitions. We say 
that an n-vertex tournament T is ε-far from being transitive if one should change the 
direction of at least ε

(
n
2
)

of T ’s edges in order to turn2 it into a transitive tournament. 
For a tournament H with V (H) = {v1, . . . , vh} and for a vector (a1, . . . , ah) of positive 
integers, the transitive (a1, . . . , ah)-blowup of H is the tournament obtained by replacing 
each vertex vi with the transitive tournament Tai

, and connecting all edges between 
Tai

and Taj
in the same direction as the edge connecting vi and vj . We say that H ′

is a transitive blowup of H if there exists (a1, . . . , ah) such that H ′ is the transitive 
(a1, . . . , ah)-blowup of H. In the case that c = a1 = · · · = ah we say that H ′ is a 
c-blowup. Notice that, trivially, every tournament is a transitive blowup of itself. The 
directed cycle on three vertices is denoted by C3.

The first result addressing the above mentioned meta-problem was obtained by Fox 
and Sudakov [14] who characterized the tournaments that appear in every large enough 
tournament that is ε-far from being transitive. More precisely, let us say that a tourna-
ment H is 1-unavoidable3 if for any ε > 0 and n ≥ n0(ε), every n-vertex tournament 
that is ε-far from being transitive contains a copy of H. The result of Fox and Sudakov 
[14] states that a tournament H is 1-unavoidable if and only if H is either a transitive 
tournament or a transitive blowup of C3.

To describe the second result we need some more definitions. For an integer k ≥
1, a k-coloring of a tournament is a partition of its vertices into k parts, where each 
part induces a transitive subset. The chromatic number χ(T ) of a tournament T is the 
minimum k such that T admits a k-coloring. Berger et al. [4] call a graph H a hero if 
there is a constant cH so that any tournament T satisfying χ(T ) > cH contains a copy of 
H. As noted in [7], the heroes are the tournaments that satisfy the extreme case of the 
well-known Erdős–Hajnal conjecture. The main result of [4] is a precise characterization 
of heroes (see Theorem 3 for the precise characterization).

Note that a transitive tournament T satisfies χ(T ) = 1 thus the 1-unavoidable tourna-
ments studied by Fox and Sudakov [14] are those that must appear in any large enough 

2 Note that the number of edges whose direction needs to be changed in order to turn T into a transitive 
tournament is precisely the number of edges that need to be removed from T in order to make it cycle-free.
3 The reason for using the 1 will become clear soon.
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