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We introduce a notion of bipartite minors and prove a bipar-
tite analog of Wagner’s theorem: a bipartite graph is planar 
if and only if it does not contain K3,3 as a bipartite minor. 
Similarly, we provide a forbidden minor characterization for 
outerplanar graphs and forests. We then establish a recursive 
characterization of bipartite (2, 2)-Laman graphs — a certain 
family of graphs that contains all maximal bipartite planar 
graphs.

© 2015 Elsevier Inc. All rights reserved.

✩ Research of the first author was partially supported by National Science Foundation grant DMS-1265803, 
of the second author by ERC advanced grant 320924, ISF grant 768/12, and National Science Foundation
grant DMS-1300120, of the third author by Marie Curie grant IRG-270923 and ISF grant 805/11, of the 
fourth author by National Science Foundation grant DMS-1069298, and of the fifth author by ONR grant 
N00014-10-1-0680 and National Science Foundation grant DMS-1265563.

E-mail addresses: mchudnov@math.princeton.edu (M. Chudnovsky), kalai@math.huji.ac.il (G. Kalai), 
nevo@math.huji.il (E. Nevo), novik@math.washington.edu (I. Novik), pds@math.princeton.edu
(P. Seymour).

http://dx.doi.org/10.1016/j.jctb.2015.08.001
0095-8956/© 2015 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jctb.2015.08.001
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jctb
mailto:mchudnov@math.princeton.edu
mailto:kalai@math.huji.ac.il
mailto:nevo@math.huji.il
mailto:novik@math.washington.edu
mailto:pds@math.princeton.edu
http://dx.doi.org/10.1016/j.jctb.2015.08.001
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jctb.2015.08.001&domain=pdf


220 M. Chudnovsky et al. / Journal of Combinatorial Theory, Series B 116 (2016) 219–228

1. Introduction

Wagner’s celebrated theorem [5], [2, Theorem 4.4.6] provides a characterization of 
planar graphs in terms of minors: a graph G is planar if and only if it contains neither 
K5 nor K3,3 as a minor. Unfortunately, a minor of a bipartite graph is not always bipartite 
as contracting edges destroys 2-colorability. Here, we introduce a notion of a bipartite 
minor : an operation that applies to bipartite graphs and outputs bipartite graphs. We 
then prove a bipartite analog of Wagner’s theorem: a bipartite graph is planar if and 
only if it does not contain K3,3 as a bipartite minor. Similarly, we provide a forbidden 
bipartite minor characterization for bipartite outerplanar graphs and forests.

All the graphs considered in this note are simple graphs. A graph with vertex set V
and edge set E is denoted by G = (V, E). We denote the edge connecting vertices i and 
j by ij. A graph is bipartite if there exists a bipartition (or bicoloring in red and blue) of 
the vertex set V of G, V = A �B, in such a way that no two vertices from the same part 
are connected by an edge. When discussing bipartite graphs, we fix such a bipartition 
and write G = (A �B, E); we refer to A and B as parts or sides of G.

As bipartite planar graphs with n ≥ 3 vertices have at most 2n − 4 edges, and as all 
their subgraphs are also bipartite and planar, and hence satisfy the same restriction on 
the number of edges, it is natural to consider the family of maximal bipartite graphs 
possessing this property. Specifically, we say that a bipartite graph G = (A 

⊎
B, E) with 

|A| ≥ 2 and |B| ≥ 2 is (2, 2)-Laman if (i) G has exactly 2(|A| + |B|) − 4 edges, and 
(ii) every subgraph H of G with at least 3 vertices has at most 2|V (H)| − 4 edges. Note 
that the family of (2, 2)-Laman graphs is strictly larger than that of maximal bipartite 
planar graphs: indeed, taking n ≥ 2 copies of K3,3 minus an edge, and gluing all these 
copies together along the two vertices of the missing edge, produces a graph on 4n + 2
vertices with 8n edges; this graph is (2, 2)-Laman, but it is not planar.

Our second main result is a recursive characterization of (2, 2)-Laman graphs. We 
remark that the name (2, 2)-Laman is motivated by Laman’s theorem [4] from rigidity 
theory of graphs, and its relation to a recent theory of rigidity for bipartite graphs can 
be found in [3]. As such, this paper is a part of a project to understand notions of mi-
nors and graph-rigidity for bipartite graphs as well as to understand higher-dimensional 
generalizations.

The rest of this note is organized as follows: in Section 2 we define bipartite minors 
and prove the bipartite analog of Wagner’s theorem and analogous theorems for bipartite 
outerplanar graphs and forests (deferring treatment of some of the cases to Appendix A). 
Then in Section 3 we discuss (2, 2)-Laman graphs.

2. Wagner’s theorem for bipartite graphs

We start by defining a couple of basic operations on (bipartite) graphs. If G = (V, E)
is a graph and v is a vertex of G, then G − v denotes the induced subgraph of G on the 
vertex set V −{v}. If G = (V = A �B, E) is a bipartite graph and u, v are two vertices 
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