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consider a topology on the shape homotopy groups of arbitrary topological spaces,
which make them Hausdorff topological groups. We then exhibit an example in
which fr,ioﬁ succeeds in distinguishing the shape type of X and Y while 7 fails, for

all & € N. Moreover, we present some basic properties of topological shape homotopy

MSC: groups, among them commutativity of 7" with finite product of compact Hausdorff
55Q07 spaces. Finally, we consider a quotient topology on the kth shape group, induced
55P55 by the kth shape loop space and show that it coincides with the above topology.
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1. Introduction and meotivation

Morén et al. [20] gave a complete, non-Archimedean metric (or ultrametric) on the set of shape morphisms
between two unpointed compacta (compact metric spaces) X, Y, written Sh(X,Y). Then they mentioned
that this construction can be translated to the pointed case. Consequently, as a particular case, they obtained
a complete ultrametric that induces a norm on the shape groups of a compactum Y and then presented
some results on these topological groups [21]. Also, Cuchillo-Ibanez et al. [7] constructed many generalized
ultrametrics in the set of shape morphisms between topological spaces and obtained semivaluations and
valuations on the groups of shape equivalences and kth shape groups. On the other hand, Cuchillo-Ibanez
et al. [8] introduced a topology on the set Sh(X,Y’), where X and Y are arbitrary topological spaces,
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in such a way that it extended topologically the construction given in [20]. Also, Moszyniska [22] showed
that the kth shape group #x(X,z), k € N, is isomorphic to the set Sh((S*, ), (X, x)) consists of all shape
morphisms (S*, %) — (X, ) with a group operation, for all compact Hausdorff space (X,z). Note that,
Bilan [2] mentioned that this fact is true for all topological spaces. In this paper, we consider the latter
topology on the set of shape morphisms between pointed spaces, consequently we obtain a topology on
the shape groups of arbitrary spaces. We show that the kth shape group 7 (X, z), k € N, with the above
topology is a Hausdorff topological group, denoted by 7 Vmp (X, z). We then exhibit an example in which

,i succeeds in distinguishing the shape type of X and Y while 77, fails, for all k£ € N. In fact, we exhibit
two topological spaces X and Y, whose kth shape groups are isomorphic while their topological kth shape
groups are not isomorphic, for all k£ € N. Also, we show that 7?,2017 preserves the product X x Y provided
X and Y are compact Hausdorff spaces. Moreover, we obtain some topological properties of these groups
and we study some properties in shape as movability. We show that movability can be transferred from a
pointed topological spaces (X, z) to VtoP(X x), under some conditions. Also, we show that if X € HPol, then
717 (X, x) is discrete. Moreover, if p : X — X = (Xx,pan, A) is an HPol-expansion of X and VtOP(X,a:)
is discrete, then #,°?(X,z) < Vmp(XA, zy), for some A € A and for all k € N.

Endowed with the quotient topology induced by the natural surjective map ¢ : Q¥(X,z) — 7 (X, z),
where QF(X,x) is the kth loop space of (X, z) with the compact-open topology, the familiar homotopy
group 7 (X, x) becomes a quasitopological group which is called the quasitopological kth homotopy group
of the pointed space (X, z), denoted by 71" (X, z) (see [3-5,14]).

Biss [3] proved that 77’ (X, z) is a topological group. However, Calcut and McCarthy [6] and Fabel [10]
showed that there is a gap in the proof of [3, Proposition 3.1]. The misstep in the proof is repeated by
Ghane et al. [14] to prove that 7*°?(X, z) is a topological group [14, Theorem 2.1] (see also [6]).

Calcut and McCarthy [6] showed that mep (X, ) is a homogeneous space and more precisely, Brazas [4]
mentioned that m{*?(X,z) is a quasitopological group in the sense of [1].

Calcut and McCarthy [6] proved that for a path connected and locally path connected space X, w7*°?(X)
is a discrete topological group if and only if X is semilocally 1-connected (see also [4]). Pakdaman et
al. [25] showed that for a locally (k — 1)-connected space X, mf'°?(X,z) is discrete if and only if X is
semilocally n-connected at x (see also [14]). Fabel [10,11] and Brazas [4] presented some spaces for which
their quasitopological homotopy groups are not topological groups. Moreover, despite of Fabel’s result [10]
that says the quasitopological fundamental group of the Hawaiian earring is not a topological group, Ghane
et al. [15] proved that the topological kth homotopy group of a k-Hawaiian like space is a prodiscrete
metrizable topological group, for all k£ > 2.

For an HPol-expansion p : X — (X, pax,A) of X, Brazas [4] introduced a topology on 7 (X). Here
we denote it by #/"’(X). He mentioned that since 7rqt0p (X)) is discrete, for all k¥ € N, one can define

the kth topological shape group of X as the limit #{"*(X) = lim 7{'°”(X,) which is an inverse limit of
—

discrete groups and so it is a Hausdorff topological group [4, Remark 2.19]. In this paper, we prove that
(X x) & 7?20’) (X, x) as topological groups, for every pointed topological space (X, z). The second view
at this topology implies some results which, it seems, are not obtained by the first view.
Finally, for an HPol,-expansion p : (X, x) = ((Xx, ), par, A) of a pointed topological space (X, x), we
define the kth shape loop space as a subspace of [ ], QF(X, ) and consider a quotient topology on the
kth shape group induced by the kth shape loop space. Then we show that this quotient topology on the

kth shape group coincides with the topology of 7rt0p .

2. Preliminaries

In this section, we recall some of the main notions concerning the shape category and pro-HTop (see [18]).
Let X = (X, pan,A) and Y = (Y, quur, M) be two inverse systems in HTop. A pro-morphism of inverse
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