Topology and its Applications 180 (2015) 181-185

Contents lists available at ScienceDirect

Topology and its Applications

www.elsevier.com/locate/topol

Common fixed points for commuting mappings @ CossMark
in hyperconvex spaces

Jack Markin**, Naseer Shahzad "

& 528 Rover Blvd., Los Alamos, NM 87544, USA
Y Department of Mathematics, King Abdulaziz University, P.O. Boz 80208, Jeddah 21589, Saudi Arabia

ARTICLE INFO ABSTRACT
Article history: In a bounded hyperconvex metric space M we prove common fixed point results for
Received 31 July 2014 nonexpansive mappings f : M — M and F' : M — 2M such that the mappings either

Accepted 27 October 2014

: . commute or commute weakly. Our results provide hyperconvex space analogues of
Available online 5 December 2014

similar common fixed point theorems in Banach and CAT(0) spaces. Our method
for weakly commuting mappings uses the hyperconvexity of A (M) the space of

MSC:

prima:ry 47HO4, ATH10, 54H25 nonexpansive mappings of M with the sup metric. We show that if F : M — 2M

secondary 47H09, 54E40 has externally hyperconvex values then the set of all nonexpansive selections of F'
is an externally hyperconvex subset of A/(M).

Keywords: © 2014 Elsevier B.V. All rights reserved.

Hyperconvex metric spaces
Fixed points

Common fixed points
Commuting mappings
Nonexpansive mappings

1. Introduction

In a hyperconvex metric space (M,d) we consider mappings f: M — M and F : M — 2M that are said
to commute if f(F(x)) C F(f(z)), and to commute weakly if f(OpF(x)) C F(f(x)), for x € M. When f
and F' are nonexpansive and satisfy one of these conditions we address the following problems:

(1) common fized points
under what conditions does there exist a point z € M such that z = f(z) € F(2)? and

(2) invariant approzimation
for a set C' C M under what conditions does there exist a point z € C' such that if p is a common fixed
point of f and F then d(p, z) = d(p,C) and z = f(z) € F(z)?
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For results on these problems for commuting or weakly commuting nonexpansive mappings in Banach
spaces see for example [4,7]. Similar results for these problems in CAT(0) spaces are found in [5,11,12]. In
both Banach and CAT(0) spaces a common method of proof depends in part on the closure and convexity
of Fix(f) and the fact that under certain assumptions F(z) N Fix(f) is a nonempty closed convex subset
for x € M. However, in hyperconvex metric spaces Fix(f) is only known to be hyperconvex and the latter
approach is not possible. Thus, in considering Problem 1 for weakly commuting mappings we use a different
method based on the hyperconvexity of the family A(M) of all bounded nonexpansive mappings of M into
itself with the supremum metric. This approach was initiated in [12] to obtain a common fixed point for
commuting mappings in hyperconvex spaces and is extended here to include weakly commuting mappings.
We show that if 7 : M — 2M is nonexpansive with externally hyperconvex values then the set of all
nonexpansive selections of F' is an externally hyperconvex subset of N (M).

2. Preliminaries

A metric space (M, d) is said to be hyperconvez if for any family {x,} of points in M and any family {r,}
of positive real numbers satisfying d(zq,23) < ro +rg, it is the case that (), B(xqa;7a) # 0, where B(x;r)
denotes a closed ball with center z € M and radius r. Hyperconvex metric spaces were introduced in [1]. For
an understanding of the geometry, methods of nonlinear analysis, and especially metric fixed point theory

An admissible subset of a hyperconvex metric space M is a set of the form (1), B(zqa;7a). For any
subset S of M we define dist(z, §) = infyecs d(x,y). A subset S of a metric space M is said to be ezternally
hyperconvez if given any family {x,} of points in X and any family {r,} of positive real numbers satisfying
d(xa,28) < ro+1s and dist(zq, S) < rq it follows that (), B(za;ra)NS # 0. A subset S of M is proxziminal
if for any « € M there is a y € S such that d(z,y) = dist(z, S). The externally hyperconvex subsets of M
are proximinal [1]. We denote by dy the Hausdorff metric defined for any pair of closed bounded subsets A,
B of M by duy(A,B) = inf{e >0: A C N.(B) and B C N-(A)}, where for a subset S of a metric space,
N.(S) ={x € M : d(z,S) < €}. A mapping F : M — 2™ is nonexpansive provided dg(F(z), F(y)) <
d(z,y) for z,y € M, and the fixed point set of F is denoted by Fix(F'). The family N (M) of all bounded
nonexpansive self-mappings of M with the supremum metric d(f,g) = sup{d(f(z),g(z)) : z € M} is
hyperconvex [3, Thm. 3].

3. Commuting mappings

Theorem 1. Let M be a bounded hyperconvex metric space, and F : M — 2™ o nonexpansive mapping with
nonempty externally hyperconver values. Let {go} be a family of commuting nonerpansive self-mappings
of M. If each g, commutes with F, then the family {go} and F have a common fized point, and the set of
common fixed points is a hyperconvex subset of M.

Proof. By [8, Cor. 3] the mapping F has a nonempty fixed point set that is hyperconvex. For any p € Fix(F),
p € F(p), and since {g,} commutes with F', go(p) € F(go(p)). This implies that Fix(F) is invariant under
the family {g4}. Since the {g,} commute on the hyperconvex set Fix(F'), they have a common fixed point
2z = ga(z) € F(z) [3]. Considering the family {g,} as self-mappings of the hyperconvex set Fix(F'), by [3]
the set of common fixed points of the family {g,} is hyperconvex.

The following invariant approximation result is a hyperconvex space version of a similar result for com-
muting nonexpansive mappings in R-trees [11, Thm. 5.3].

Theorem 2. Let M be a bounded hyperconvex metric space, F': M — 2M a nonexpansive mapping with
nonempty externally hyperconvex values, and {go} a family of commuting nonexpansive self-mappings of M
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