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Given a continuum X and n ∈ N. Let H(X) ∈ {2X , C(X), Fn(X)} be a hyperspace
of X, where 2X , C(X) and Fn(X) are the hyperspaces of all nonempty closed
subsets of X, all subcontinua of X and all nonempty subsets of X with at most
n points, respectively, with the Hausdorff metric. For a mapping f : X → Y
between continua, let H(f) : H(X) → H(Y ) be the induced mapping by f , given by
H(f)(A) = f(A). On the other hand, for 1 � m < n, SFn

m(X) denotes the quotient
space Fn(X)/Fm(X) and similarly, let SFn

m(f) denote the natural induced mapping
between SFn

m(X) and SFn
m(Y ). In this paper we prove some relationships between

the mappings f , 2f , C(f), Fn(f) and SFn
m(f) for the following classes of mapping:

atomic, confluent, light, monotone, open, OM, weakly confluent, hereditarily weakly
confluent.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

A continuum is a nondegenerate compact connected metric space. Given a continuum X. Denote by 2X
the hyperspace of all nonempty closed subsets of X, by C(X) the hyperspace of subcontinua of X and by
Fn(X) the hyperspace of all nonempty subsets of X having at most n points, where n is a positive integer.
All hyperspaces are considered with the Hausdorff metric (see [20, p. 1]).

Given two positive integers n > m, SFn
m(X) denotes the quotient space Fn(X)/Fm(X) obtained by

shrinking Fm(X) to a point in Fn(X), with the quotient topology. The fact that SFn
m(X) is a continuum

follows from Theorem 3.10 of [21, p. 40]. A mapping means a continuous function. The quotient mapping
from Fn(X) onto SFn

m(X) is denoted by ρXn,m.
Given a mapping f : X → Y between continua, the mappings 2f : 2X → 2Y given by 2f (A) = f(A),

C(f) : C(X) → C(Y ) given by C(f) = 2f |C(X) and Fn(f) : Fn(X) → Fn(Y ) given by Fn(f) = 2f |Fn(X)
are the induced mappings by f . Also, we have an induced mapping SFn

m(f) : SFn
m(X) → SFn

m(Y ) given by

SFn
m(f)

(
ρXn,m(A)

)
= ρYn,m

(
f(A)

)
.
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By [11, Theorem 4.3, p. 126], SFn
m(f) is a mapping and the following diagram

Fn(X)
Fn(f)

ρX
n,m

Fn(Y )

ρY
n,m

SFn
m(Y )

SFn
m(f)

SFn
m(Y )

is commutative.
Let M be a class of mappings between continua. A general problem is to find all possible relationships

among the following four statements:

(1) f ∈ M;
(2) 2f ∈ M;
(3) C(f) ∈ M;
(4) Fn(f) ∈ M.

Readers especially interested in this problem are referred to [1–8,12–17].
We can also consider the condition:

(5) SFn
m(f) ∈ M.

In this paper we study the interrelations among the statements (1)–(5), for the following classes of mappings:
open, monotone, confluent, weakly confluent, OM, light and atomic.

2. Preliminaries

Let X be a continuum with metric d. Let δ > 0 and A ⊂ X, we define VX
δ (A) = {x ∈ X: there exists

y ∈ A such that d(x, y) < δ}, and we use the symbol Cl(A) to denote the closure of A in X.
Given a finite collection K1, . . . ,Kr of subsets of X, 〈K1, . . . ,Kr〉, denotes the following subset of Fn(X):

{
A ∈ Fn(X): A ⊂

r⋃
i=1

Ki, A ∩Ki �= ∅ for each i ∈ {1, . . . , r}
}
.

It is known that the family of all subsets of Fn(X) of the form 〈K1, . . . ,Kr〉, where each Ki is an open subset
of X, forms a basis for a topology for Fn(X) (see [20, Theorem 0.11, p. 9]) called the Vietoris Topology.
The Vietoris topology and the topology induced by the Hausdorff metric coincide (see [20, Theorem 0.13,
p. 10]). If K1, . . . ,Kr are subcontinua of X and r � n, 〈K1, . . . ,Kr〉 is a subcontinuum of Fn(X) (see [19,
Lemma 1, p. 230]).

Given two positive integers s > k, we define Fs
k(X) = Fs(X) \ Fk(X). Notice that ρXs,k|Fs

k(X) : Fs
k(X) →

SFs
k(X) \ ρXs,k(Fk(X)) is a homeomorphism.
A mapping f : X → Y between continua is said to be:

– atomic if for each subcontinuum K of X such that f(K) is nondegenerate, f−1(f(K)) = K;
– confluent if for each subcontinuum K of Y and for each component M of f−1(K), f(M) = K;
– light if f−1(y) is totally disconnected for each y ∈ Y ;
– monotone if f−1(y) is connected in X for each y ∈ Y ;
– open if f(U) is open in Y for each open subset U of X;
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