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In this paper, we obtain a characterization of the recurrence of a continuous vector
field w of a closed connected surface M as follows. The following are equivalent:
(1) w is pointwise recurrent. (2) w is pointwise almost periodic. (3) w is minimal
or pointwise periodic. Moreover, if w is regular, then the following are equivalent:
(1) w is pointwise recurrent. (2) w is minimal or the orbit space M/w is either
[0, 1], or S1. (3) R is closed (where R := {(x, y) ∈ M × M | y ∈ O(x)} is the orbit
closure relation). On the other hand, we show that the following are equivalent for
a codimension one foliation F on a compact connected manifold: (1) F is pointwise
almost periodic. (2) F is minimal or compact. (3) F is R-closed. Also we show that
if a foliated space on a compact metrizable space is either minimal or both compact
and without infinite holonomy, then it is R-closed.

© 2013 Elsevier B.V. All rights reserved.

1. Preliminaries

In [1] and [13], it is showed that the following properties are equivalent for a finitely generated group G

on either a compact zero-dimensional space or a graph X: (1) (G,X) is pointwise recurrent. (2) (G,X) is
pointwise almost periodic. (3) The orbit closure relation R = {(x, y) ∈ X ×X | y ∈ G(x)} is closed.

In this paper, we study the equivalence for these three notions for vector fields on surfaces and codimension
one foliations on manifolds, and show the some equivalence. We assume that every quotient space has the
usual quotient topology and that every decomposition consists of non empty elements. By a decomposition,
we mean a family F of pairwise disjoint subsets of a set X such that X =

⊔
F . Let X be a topological

space and F a decomposition of X. For any x ∈ X, denote by Lx the element of F containing x. Write
EF := {(x, y) | y ∈ Lx}. Then EF is an equivalence relation (i.e. a reflexive, symmetric and transitive
relation). For a (binary) relation E on a set X (i.e. a subset of X ×X), let E(x) := {y ∈ X | (x, y) ∈ E} for
an element x of X. For any A ⊆ X, let E(A) :=

⋃
y∈A E(y). A is said to be E-saturated if A =

⋃
x∈A E(x).

Let 1X := {(x, x) | x ∈ X} be the diagonal on X×X. Thus 1X ⊆ E if and only if E is reflexive (i.e. x ∈ E(x)
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for all x ∈ X). Let E−1 := {(y, x) | (x, y) ∈ E} (i.e. the image of E under the bijection T : X → X which
interchanges coordinates). Clearly, E is symmetric if and only if E = E−1. For any relation E on X,
E is transitive if and only if E(E(x)) ⊆ E(x). For an equivalence relation E, the collection of equivalence
classes {E(x) | x ∈ X} is a decomposition of X, denoted by FE . Note that decompositions (consisting of
nonempty elements) can be corresponded to equivalence relations. Therefore we can identify decompositions
with equivalence relations. For a relation E on a topological space X, E define the relation Ê on X with
Ê(x) = E(x). Denote by E the closure of E in X × X. We call E pointwise almost periodic if Ê is an
equivalence relation, R-closed if Ê is closed (i.e. Ê = E), compact if each element of E is compact, and it
is minimal if each element of E is dense in X. By identification, we also said that F is R-closed if so is EF
and others are defined in similar ways. Notice that if F is either a foliation or the set of orbits of a flow,
then ÊF is transitive. By a flow, we mean a continuous action of a topological group G on X. We call that
F is trivial if it consists of singletons or is minimal. We characterize the transitivity for Ê.

Lemma 1.1. Ê is transitive if and only if E(Ê(x)) ⊆ Ê(x). When Ê is an equivalence relation, this says
that each Ê(x) is a union of E-equivalence classes.

Proof. Since Ê(x) is closed, E(y) ⊆ Ê(x) implies Ê(y) = E(y) ⊆ Ê(x). �
Now we state a useful tool.

Lemma 1.2. If E is an equivalence relation, then Ê is an equivalence relation if and only if it is symmetric
(i.e. symmetry implies transitivity).

Proof. Let y ∈ Ê(x) and z ∈ E(y). By the symmetry assumption, we have x ∈ Ê(y). Since E is an
equivalence relation, E(y) = E(z) and so Ê(y) = Ê(z). So x ∈ Ê(z) and, by symmetry again, z ∈ Ê(x) and
so E(y) ⊆ Ê(x). Then E(Ê(x)) ⊆ Ê(x). Hence Ê is transitive by Lemma 1.1. �

Notice that the twist map T : X → X is a homeomorphism and so E = E−1 implies E = E−1.
In particular, E is symmetric whenever E is an equivalence relation. In particular, the previous lemma
implies the following statement.

Corollary 1.3. Suppose that E is an equivalence relation. If Ê is closed, then Ê is an equivalence relation.

This is interpreted as the following statement.

Corollary 1.4. If F is an R-closed decomposition, then F is pointwise almost periodic.

The converse of this corollary is not true (see Example 4). A map p : X → Y is said to be perfect if it is
continuous, closed, surjective and each fiber p−1(y) for any y ∈ Y is compact. Recall that a net is a function
from a directed set to a topological space.

Lemma 1.5. If a relation E is closed and X is T1, then E(x) is closed for any x ∈ X. Moreover if E is an
equivalence relation and X is compact Hausdorff, then the quotient map q : X → X/E is perfect.

Proof. Note that each singleton is closed in a T1-space. Since {x}×E(x) = E ∩ ({x}×X), we have E(x) is
closed in X. Suppose that E is an equivalence relation and X is compact Hausdorff. We will show that q is
closed. Otherwise there is a closed subset B of X such that E(B) is not closed. Fix any y ∈ E(B) −E(B).
Let (yα) be a net in B and xα ∈ E(yα) such that yα → y. Then (xα, yα) ∈ E. Since B is closed and so
compact, we may assume that (xα) converges to some element x ∈ B, by taking a subnet of (xα). Since
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