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Let f be a self-map of a compact connected manifold M . We characterize Lefschetz periodic
point free continuous self-maps of M for several classes of manifolds and generalize
the results of Guirao and Llibre [J.L.G. Guirao, J. Llibre, On the Lefschetz periodic point free
continuous self-maps on connected compact manifolds, Topology Appl. 158 (16) (2011)
2165–2169].
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1. Introduction

An important but difficult problem in dynamical systems is to identify the periodic point free maps on a given compact
manifold. The necessary (but not sufficient) condition for a map to be periodic point free is that the Lefschetz numbers of
all its iterates vanish. This motivates the following definition: a map f is called Lefschetz periodic point free iff L( f m) = 0
for m = 1,2,3, . . . . In [7] a characterization of Lefschetz periodic point free maps on Sn , CPn , HPn and Sp × Sq was
given. The aim of this paper is to give a more detailed description of the Lefschetz periodic point free maps on the spaces
considered in [7] (Section 2), as well as to generalize these results for the large class of manifolds called rational exterior
spaces (Section 3).

Our approach in this part of the paper is based on the use of additional information, hidden in the structure of the coho-
mology ring, which allows one to determine the sequence {L( f m)}∞m=1 (cf. [4]). This method enables us to show that some
conditions found in [7] are superfluous, because they are always satisfied. Moreover, it makes it possible to find the explicit
formula for L( f m) which is conceptually simpler than the use of the Lefschetz zeta function applied in [7]. We also correct
some incorrect statements in [7] concerning CPn and HPn .

In Section 4 we formulate the necessary and sufficient conditions for a map to be Lefschetz periodic point free in
the language of eigenvalues, based only on the definition of Lefschetz number. These conditions enable us to identify some
spaces that do not admit Lefschetz periodic point free maps.
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In the final part of the paper (Section 5) we illustrate the way in which the purely algebraical condition of being
“Lefschetz periodic point free” provides some important information about the structure of periodic points of the map.

2. Lefschetz periodic point free maps of SSSn , CCCP n , HHHP n and SSSp ×SSSq: cohomological ring approach

2.1. Lefschetz numbers of iterates

For a compact connected manifold M of dimension n we will consider Hi(M;Q), where i = 0,1, . . . ,n, the cohomology
groups with coefficients in Q, which are then finite dimensional linear spaces over Q. For a self-map f of M we denote by
f ∗i the linear map induced by f on Hi(M;Q) and by f ∗ the self-map

⊕n
i=0 f ∗i of

⊕n
i=0 Hi(M;Q). The Lefschetz number

L( f m) of f m is then equal to

L
(

f m) =
n∑

i=0

(−1)i tr
(

f m)∗i
, (2.1)

where tr( f m)∗i is the trace of the matrix representing ( f m)∗i : Hi(M;Q) → Hi(M;Q). Notice that if A is a matrix of f ∗i ,
then Am is a matrix of ( f m)∗i , representing the homomorphism induced on Hi(M;Q) by f m , the m-th iteration of f
(cf. [2,9]). Consequently, when tr f ∗i = ∑k

j=1 λ j , then tr( f m)∗i = ∑k
j=1 λm

j , where the sum is taken over all eigenvalues λ j

in the spectrum of A, counted with multiplicities.
Often the Lefschetz number of f is defined via homology groups, but for our purposes it is more convenient to give the

equivalent definition (2.1).
We will make use of the structure of the cohomology ring

⊕
i=0 Hi(X;Q) to obtain additional information concerning

the Lefschetz numbers of iterates of f . Let us recall two basic properties of cup product that we will apply later in the
paper:

• f ∗ is a homomorphism of
⊕n

i=0 Hi(M;Q), i.e.

f ∗(α ∪ β) = f ∗(α) ∪ f ∗(β); (2.2)

• the cup product is anticommutative, i.e. if α ∈ Hk(M;Q) and β ∈ Hl(M;Q), then

α ∪ β = (−1)klβ ∪ α. (2.3)

2.2. Lefschetz periodic point free maps on CPn

We consider the complex projective space, denoted CPn . The cohomology ring over Q of CPn is isomorphic to the
quotient polynomial ring Q[α]/(αn+1), where α is the generator of H2(CPn;Q) = Q (cf. e.g. [8]). As a consequence,
H∗(CPn;Q) = ⊕n

i=0 H2i(CPn,Q) and each H2i(CPn,Q) is generated by

αi = α � α � · · · � α︸ ︷︷ ︸
i

for i � 0

where we adopt the convention that α0 = 1. Now, we are in a position to calculate the sequence of Lefschetz numbers of
iterates (cf. similar calculation for L( f ) in [9]). As ( f m)∗2 has the eigenvalue am , where a ∈ Z is such that f ∗2(α) = aα, we
get by the formulas (2.1) and (2.2):

L
(

f m) = 1 +
n∑

i=1

(
am)i =

{
1−(am)n+1

1−am if am �= 1,

n + 1 if am = 1.
(2.4)

It is obvious that if a /∈ {−1,1} then L( f m) �= 0 for m = 1,2,3, . . . . On the other hand, if a ∈ {−1,1} then either for m = 1
or for m = 2 we get am = 1 and thus by the second part of formula (2.4) L( f m) = n + 1 �= 0. As a result we obtain the
following:

Proposition 2.1. There are no Lefschetz periodic point free maps on CPn.

2.3. Lefschetz periodic point free maps on HPn

Let HPn denote the n-dimensional quaternionic projective space. The structure of the cohomology ring over Q is similar
to CPn; however now the generator is four-dimensional (see e.g. [8]):

H∗(HPn;Q) =
n⊕

i=0

H4i(HPn,Q
) � Q[α]/(αn+1),

where α ∈ H4(HPn;Q) � Q.
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