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over the empty set. We introduce the notion of an analytically presented abstract

MSC: elementary class (AEC), which allows the formulation and proof of generalizations
03048 of these results to refer to Galois types rather than syntactic types. We prove
03E15 (Theorem 0.4) the equivalence of Rg-presented classes and analytically presented
03E57 classes and, using this, generalize (Theorem 0.5) Keisler’s theorem on few models
03C45 in Ny to bound the number of Galois types rather than the number of syntactic
types. Theorem 0.6 gives a new proof (cf. [5]) for analytically presented AEC’s
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Abstract elementary classes w-stability.
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This paper combines methods of axiomatic and descriptive set theory to study problems in model theory.
In particular, we use iterated generic elementary embeddings to analyze the number of models in ¥y in
various infinitary logics and for Abstract Elementary Classes (AEC). The technique here provides a uniform
method for approaching and extending theorems that Keisler et al. proved in the 1970’s relating the existence
of uncountable models realizing many types to the existence of many models in 8y (Theorem 0.3). To
formalize this uniformity we introduce the notion of an analytically presented AEC and show that it is a
further but more useful variant for the well-known notion of PCs over L, ., (Theorem 3.3). This allows us
to extend the Keisler-style results relating the number of types in X to the number of models in X; from
syntactic types to Galois types (Theorem 5.8). Finally, we prove some absoluteness results leading to the
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conclusion that categoricity in Xy is absolute for analytically presented AEC that satisfy the amalgamation
property in Xy and are almost Galois-w-stable (Theorem 0.6).

The arguments presented here are related to arguments by Farah, Larson, et al. in [11,12], in which
iterated elementary embeddings were used to prove forcing-absoluteness results. Those papers focused on
the large cardinal context. Here we work primarily in ZFC. Model-theoretic inductions to iterated generic
elementary embeddings can be found in [25] and [6].

The approach of this paper is the following proof scheme which can be abbreviated as consistency yields
provability: Prove that a model theoretic property @ holds in a model N of ZFC®. Of course if ® is absolute
between N and V this is an ancient technique to attain provability. But, here we extend the model N by
ultralimits to (one or many) models N* satisfying ® and such that ® is absolute between N* and V.

We refer the reader to [36,1] for model-theoretic definitions such as amalgamation and Shelah’s notion
of Abstract Elementary Class, and for background on the notions used here. We use [1] as single reference
with a uniform notation containing many results of Keisler, Shelah and others. Similarly, Gao’s text [15] is
used for descriptive set theory. For example, Theorem 0.2 is stated for atomic models of first order theories.
The equivalence between the atomic model context and models of a complete sentence in L, ,, is explained
in Chapter 6 of [1]. Abstract Elementary Classes form a general context unifying many of the properties of
such infinitary logics as L, w, L, w(@)-

A fundamental result in the study of Wj-categoricity for Abstract Elementary Classes is the following
theorem of Shelah (see [1], Theorem 17.11).

Fact 0.1 (Shelah). Suppose that K is an Abstract Elementary Class such that

e The Léwenheim—Skolem number, LS(K), is Ro;
o K is Ny-categorical;
« amalgamation fails® for countable models in K.

Suppose also that 2% < 281 Then there are 2% non-isomorphic models of cardinality X; in K.

Theorem 0.1 is one of the two fundamental tools to develop the stability theory of L., .,. The second is
the following theorem of Keisler (see [25,1], Theorem 5.2.5).

Fact 0.2 (Keisler). If a PCs over L, . class K has an uncountable model but less than 2! models of
power Ny, then for any countable fragment L 4, every member of K realizes only countably many L 4-types
over ().

The notion of w-stability for sentences in L, ., is a bit subtle and is more easily formulated for the
associated class K of atomic models of a first theory with first order elementary embedding as <. For
countable A C M € K, S,;(A) denotes the set of first order types over A realized in atomic models.” K is
w-stable” if for each countable M € K, |Sq:(M)| = No.

Combining these two theorems, Shelah showed (under the assumption 2% < 2%1) that a complete sentence
of L., . which has less than 2% models in R; has the amalgamation property in Ry and is w-stable.
Crucially, Shelah’s argument relies on the assumption 2% < 28t in two ways. It first uses a variation of the
Devlin—Shelah weak diamond principle [9] for Theorem 0.1. Then using amalgamation, extending Keisler’s
theorem from types over the empty set to types over a countable model is a straightforward counting

3 Unlike first order logic, this is a strictly stronger statement than ‘amalgamation fails over subsets of models of K.

4 This definition does not extend to uncountable A, see page 138 of [1].

5 This requirement that M is a model is essential; Example 3.17 of [1], covers of the multiplicative group of C, is w-stable but
there are countable atomic A with |Sq:(A)| = 2%,
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