Annals of Pure and Applied Logic 166 (2015) 1049-1069

Contents lists available at ScienceDirect

Annals of Pure and Applied Logic

www.elsevier.com /locate/apal

Universality, optimality, and randomness deficiency @ CossMark

Rupert Hélzl %!, Paul Shafer "2

& Department of Mathematics, Faculty of Science, National University of Singapore, Block S17, 10 Lower
Kent Ridge Road, Singapore 119076, Republic of Singapore
b Department of Mathematics, Ghent University, Krijgslaan 281, S22, 9000 Ghent, Belgium

ARTICLE INFO ABSTRACT
Article history: A Martin-Lof test U is universal if it captures all non-Martin-Lo6f random sequences,
Received 10 October 2014 and it is optimal if for every ML-test V there is a ¢ € w such that Vn(Vin4e C Uy).

Received in revised form 29 April
2015

Accepted 18 May 2015

Available online 29 May 2015

We study the computational differences between universal and optimal ML-tests
as well as the effects that these differences have on both the notion of layerwise
computability and the Weihrauch degree of LAY, the function that produces a bound
for a given Martin-Lo6f random sequence’s randomness deficiency. We prove several

MSC: robustness and idempotence results concerning the Weihrauch degree of LAY, and we
03D32 show that layerwise computability is more restrictive than Weihrauch reducibility to
68Q30 LAY. Along similar lines we also study the principle RD, a variant of LAY outputting
03D30 the precise randomness deficiency of sequences instead of only an upper bound
03F60 as LAY.
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1. Introduction

Hoyrup and Rojas [15] fix a universal Martin-Lof test and define a function to be layerwise computable
if it is computable on Martin-Lof random inputs when given what essentially amounts to a bound for
the input’s randomness deficiency as advice. The ML-test U = (Up)necw that Hoyrup and Rojas use to
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define layerwise computability has the special property that for every ML-test V = (V,,)ne, there is a
¢ € w such that Yn(Vyye C U,). Miyabe [19] studies these special, so called optimal, tests. If U and V
are two optimal ML-tests, then it is straightforward to see that the notion of layerwise computability is
the same when defined via U as it is when defined via V. However, the following example (essentially due
to Miyabe, though with a slightly different proof) shows that there are universal ML-tests that are not
optimal.

Example 1.1. Let U/ be any universal ML-test. Define a test V via V, = (,.,,U, for all n € w, thus
making the test a descending chain. V is also a universal ML-test, so A(V,,) 7[0 for all n. On the other
hand lim,, A(V,,) = 0. Therefore there are infinitely many n with A(V,1+1) < A(V,,). Assume for the sake of
argument that there are infinitely many n with A(Vap4+1) < A(Vay), and let T be the set of these n. (The
case in which there are infinitely many n with A(Vay,) < A(Va,—1) is analogous.)

Define an ML-test W via W,, = Va,,41 for all n. Clearly W meets the effectivity and measure conditions
for being an ML-test. As [,,c, Wn = (ecw Vi = [peo, Un, W is also a universal ML-test.

Fix any ¢ € w. For any n € I with n > ¢, we have that

un—i—c ) Vn+c ) V2n 2 V2n+1 = Wn7
which implies that Uy, € W,.
That is, for every ¢ there are infinitely many n with Uy, € W,,. Thus W is a universal ML-test that is
not optimal. O

Miyabe [19] obtains a compelling computational difference between optimal ML-tests and universal ML-
tests: by a result of Merkle, Mihailovié¢, and Slaman [18], there is a universal ML-test U and a left-c.e. real
a such that Vn(A(U,) = 27 ™). Miyabe proves that no optimal ML-test is of this form.

This article presents further differences between optimal ML-tests and universal ML-tests. If U is an
optimal ML-test, then for every ML-test there trivially is a function f (in fact, a computable function f)
such that Vn(V¢m,) € Uy ). In Section 3, we show that if ¢ is universal but not optimal, then such an f need
not exist; and furthermore that there exist universal ML-tests U and V such that functions f as above do
indeed exist, but such that all of these f are difficult to compute.

In Section 4, we ask if the notion of layerwise computability remains the same if we allow it to be defined
using any, possibly non-optimal, universal ML-test. The answer is negative. It is possible to construct
universal ML-tests that distort the randomness deficiencies assigned by a given ML-test quite chaotically.
Likewise, we study the difference between the class of layerwise computable functions and the class of exactly
layerwise computable functions, where we say that a function on MLR is exactly layerwise computable if it
is uniformly computable given an ML-random sequence and its randomness deficiency (not merely an upper
bound for its randomness deficiency). We show that both classes are different by identifying a function that
is exactly layerwise computable but not layerwise computable.

Brattka, Gherardi and Holzl [8] define and study the Weihrauch degree of LAY, a function representing
the mathematical task of determining an upper bound for the randomness deficiency of a given MLR se-
quence. In particular, they investigate how LAY interacts with MLR—the principle that generates sequences
that are ML-random relative to its input—and the principle Cy—the choice principle on natural numbers.
We continue the study of LAY in Section 5, where we show that, unlike the notion of layerwise computability,
the Weihrauch degree of LAY does not depend on the choice of the universal ML-test used to define it. More-
over, we show that, up to Weihrauch degree, the problem of exactly determining a ML-random sequence’s
randomness deficiency is equivalent to merely determining an upper bound for its randomness deficiency.
We show that the Weihrauch degree of LAY enjoys several idempotence properties, and we investigate the
complexity of sets that can be reduced to LAY.
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