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1. Introduction

We begin with some definitions necessary for analyzing computable categoricity of “pseudo-exponential
fields” and other structures of size ℵ1. The pseudo-exponential fields are structures that resemble the field
of complex numbers with complex exponentiation. Zilber listed five axioms in Lω1,ω(Q), which characterize
the class of pseudo-exponential fields, and he showed (with added work in a new paper of Bays et al. [2])
that there is a unique model in each uncountable power [16]. Zilber further conjectured that the pseudo-
exponential field of size 2ℵ0 is the complex exponential field Cexp. A related class of structures, the “Zilber
covers,” is axiomatized using Lω1,ω, without Q. Zilber showed that there is a unique cover in each uncount-
able power [17]. The one of cardinality 2ℵ0 is the cover derived from (C, exp). In this paper, we show that the
pseudo-exponential field of size ℵ1 is not computably categorical, while the cover is relatively computably
categorical.

We will be working with structures of size ℵ1, and we shall use notions of computability appropriate
for these structures. The notions of computability are those of α-recursion theory, where α = ω1. For an
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introduction to computable structure theory in this setting, see Greenberg and Knight [6] or Johnson [8].
For some nice results on computable categoricity and linear orders in the setting of ω1-computability, see [7].

We begin with two simpler examples: classes with a unique member in each uncountable power, one
axiomatizable using Lω1,ω(Q), and the other using just Lω1,ω. The first is relatively computably-categorical
while the second will be not even computably categorical. We will then describe the pseudo-exponential
fields, pointing out the properties that we use in our proofs. We also describe the Zilber covers. We locate
the property that accounts for the difference in computable categoricity. This is related to the fact that the
pseudo-exponential fields require the use of the second-order quantifier Q, while the covers are axiomatized
by an Lω1,ω-sentence.

1.1. Basic definitions from α-recursion for α = ω1

The universal domain for ω1-computability is Lω1 . We assume that V = L. We assume this because first,
it implies that the reals are all present in Lω1 , and second, it will be important that for all A ⊆ Lω1 , Lω1 is
closed under the function x �→ A∩x. We can enrich the language of set theory, naming each element of Lω1 .
We will use Σ1(Lω1) to denote the collection of finitary formulas with bounded and existential quantifiers
in the language of set theory, with the added constants.

Definition 1.

• An n-ary relation R ⊆ (Lω1)n is bounded, or Δ0, if it is defined in (Lω1 ,∈) by a formula, with parameters,
built from atomic sub-formulas using Boolean combinations and bounded quantifiers (∃x ∈ y) and
(∀x ∈ y).

• A relation R ⊆ (Lω1)n is computably enumerable, or c.e., if it is defined by a Σ1(Lω1)-formula, where
this is a formula with bounded and existential quantifiers in front of a quantifier-free formula.

• A relation R ⊆ (Lω1)n is computable if it and its complement are computably enumerable.
• A partial function f : (Lω1)n → Lω1 is partial computable if its graph is a c.e. relation.
• A computable function f : (Lω1) → Lω1 is a partial computable function whose domain is computable.

Using results of Gödel, we get a computable 1-1 function g from the countable ordinals onto Lω1 where
the relation g(α) ∈ g(β) is computable. So, the function g gives us ordinal codes for sets in Lω1 , where α

is a code for g(α). Furthermore, there is a computable function � that takes α to the code for Lα. Thus,
computing in ω1 is essentially the same as computing in Lω1 . We will use searches over the Lα’s for α < ω1.
For more details, see [5] or [6]. Technically, we should use the term “ω1-computable” to indicate that we are
computing over the universe ω1, or Lω1 , instead of ω. However, for simplicity, it will be understood that for
the present paper “computable” indicates ω1-computable.

As in the standard setting of computability, we have indices for c.e. sets. We have a c.e. set C of codes for
pairs (ϕ, c), each representing a Σ1 definition, where ϕ(u, x) is a Σ1 formula and c is a tuple of parameters
appropriate for u. We also have a computable function h that maps ω1 onto C. We say that α < ω1 is a
c.e. index for A if h(α) is the code for a pair (ϕ, c), where ϕ(c, x) is a Σ1 definition of A in (Lω1 ,∈).

Definition 2.

• We will write Wα for the c.e. set defined by the pair h(α) in C, where h(α) = (ϕ, c).
• We write x ∈ Wα,β if Lβ contains x, the parameters c, and the witnesses making the formula ϕ(c, x)

true.
Note that the relation x ∈ Wα,β is computable; we say x /∈ Wα,β if (Lβ ,∈)¬ϕ(c, x), which involves only
bounded quantifiers.
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