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We give a definition, in the ring language, of Z, inside Q, and of F[[t]] inside
F,((t)), which works uniformly for all p and all finite field extensions of these
fields, and in many other Henselian valued fields as well. The formula can be taken
existential-universal in the ring language, and in fact existential in a modification
of the language of Macintyre. Furthermore, we show the negative result that in the
language of rings there does not exist a uniform definition by an existential formula
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and neither by a universal formula for the valuation rings of all the finite extensions
of a given Henselian valued field. We also show that there is no existential formula
of the ring language defining Z, inside Q, uniformly for all p. For any fixed finite
extension of Q,, we give an existential formula and a universal formula in the ring
language which define the valuation ring.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Uniform definitions of valuation rings inside families of Henselian valued fields have played important

roles in the work related to Hilbert’s 10th problem by B. Poonen [11] and by J. Koenigsmann (8], especially
uniformly in p-adic fields. We address this issue in a wider setting, using the ring language and Macintyre’s
language. Since the work [9], the Macintyre language has always been prominent in the study of p-adic
fields.
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Let Lying be the ring language (4, —,-,0,1). Write Lyac for the language of Macintyre, which is obtained
from L,ing by adding for each integer n > 0 a predicate P, for the set of nonzero n-th powers. We assume
that the reader is familiar with pseudo-finite fields and Henselian valued fields. For more information we
refer to [5], [10], [4], and [3].

The following notational conventions are followed in this paper. For a Henselian valued field K we will
write O for its valuation ring. O is assumed nontrivial. M is the maximal ideal of Ok, and k = O /M
is the residue field. We denote by res the natural map Og — k, and by ord the valuation.

Given a ring R and a formula ¢ in L,ing 0 Lyac in m > 0 free variables, we write ¢(R) for the subset of
R™ consisting of the elements that satisfy ¢. In this paper we will always work without parameters, that
is, with (-definability.

Theorem 1. There is an existential formula p(x) in Lying U {Pa, P3} such that
Ok = ¢(K)

holds for any Henselian valued field K with finite or pseudo-finite residue field k provided that k contains
non-cubes in case its characteristic is 2.

We are very grateful to an anonymous referee for pointing out to us that our argument in an earlier
version failed when k has characteristic 2 and every element is a cube (i.e. (k*)3 = k*). There are such k,
finite ones and pseudo-finite ones (cf. Appendix A).

Note that in such a case k has no primitive cube root of unity, and so its unique quadratic extension is
cyclotomic. That extension is the Artin—Schreier extension, and (as the referee suggested) it is appropriate
to adjust the Macintyre language by replacing P, by Ps*¥, where

P) & Jy(z=y>+y).
This has notable advantages, namely:
Theorem 2. There is an existential formula ¢(x) in Lying U {P5*S} such that
Ok = ¢(K)

holds for all Henselian valued fields K with finite or pseudo-finite residue field.

Since in a field of characteristic not equal to 2, we have Ps'%(x) < Py(1 + 4x), Theorem 2 implies the
following.

Theorem 3. There is an existential formula @(x) in Lying U { P2} such that
Ok = ¢(K)

holds for all Henselian valued fields K with finite or pseudo-finite residue field of characteristic not equal
to 2.

Before proving the above theorems, we state some other results. First some negative results.

Theorem 4. Let K be any Henselian valued field. There does not exist an existential formula ¥(x) in Lying
such that
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