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Abstract In this article, we prove the global existence of weak solutions to the non-

isothermal nematic liquid crystal system on T
2
, on the basis of a new approximate system

which is different from the classical Ginzburg-Landau approximation. Local in space energy

inequalities are employed to recover the estimates on the second order spatial derivatives of

the director fields locally in time, which cannot be derived from the basic energy balance.

It is shown that these weak solutions satisfy the temperature equation, and also the total

energy equation but away from at most finite many “singular” times, at which the energy

concentration occurs and the director field losses its second order derivatives.
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1 Introduction

Liquid crystal is an intermediate state between liquids and solids. There are three phases of

liquid crystals: nematic, cholesteric, and smectic, and the smectic phase is divided into several

subtypes (smectic A, smectic C and etc.). In the nematic phase the long axes of the constituent

molecules tend to align parallel to each other along some common preferred direction. The

first widely accepted dynamic theory for nematic liquid crystals was formulated by Ericksen

[1] in 1961, which was later completed in 1968 by Leslie [2], who derived suitable constitutive
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equations. Their theory, now referred to as the Ericksen-Leslie dynamic theory, is one of the

most successful theories used to model many dynamic phenomena in nematic liquid crystals.

As shown by Leslie [3], the mechanical balance equations must be supplemented by an

equation for the thermal field θ. The most simple non-isothermal model is that for the so called

elastically isotropic liquid crystals, that is, the elastic coefficients (the Frank’s constants) have

the same values. This is equivalently to say that the Oseen-Frank free energy density has the

simple expression λ
2 |∇d|

2, for a positive number λ. In this case, it leads us to consider the

following system (see Appendix for the derivation)

∂tu+ (u · ∇)u+ ∇p = div(S + σnd), (1.1)

divu = 0, |d| = 1, (1.2)

∂td+ (u · ∇)d− (d · ∇)u + (d · ∇u · d)d = γ(∆d+ |∇d|2d), (1.3)

∂tE + div (uE) + div(q + up) = div
(

S · u+ σnd · u+ λ(γ∆d + (d · ∇)u) · ∇d)
)

, (1.4)

where the velocity u, orientation field d, pressure p, and total energy E are the unknowns, and

λ and γ are two positive constants.

The total energy E has the expression

E =
|u|2

2
+
λ

2
|∇d|2 + θ,

where θ is the absolute temperature. The energy flux q in equation (1.4) is given by

q = −κ(θ)∇θ − h(θ)(d · ∇θ)d, (1.5)

with two positive functions κ and h depending on the temperature θ. Note that (1.5) is an

extension of Fourier’s law for liquid crystals. The notations S and σnd denote the dissipative

and nondissipative part of the stress, respectively, given by

S = µ(θ)(∇u + ∇uT ) +
λ

γ
(d · ∇u · d)d⊗ d, (1.6)

and

σnd = −λ∇d⊙∇d− λ(∆d + |∇d|2d) ⊗ d, (1.7)

where ∇uT is the transform of ∇u and ∇d ⊙ ∇d is a N × N matrix whose (i, j)-th entry is

∂id · ∂jd, 1 ≤ i, j ≤ N .

System (1.1)–(1.4) is a simplified version of the general non-isothermal Ericksen-Lselie sys-

tem, by assuming that the material is elastically isotropic and specifying some Leslie coefficients

(see the appendix for details). The general non-isothermal Ericksen-Leslie system can be found,

for example, in the books by Oswald-Pieranski [4] (Chapter B III2) and Sonnet-Virga [5] (Chap-

ter 3). Besides, as explained in the appendix of this article, (1.1)–(1.4) is the limiting system,

as ε → 0, of that introduced by Feireisl-Fremond-Rocca-Schimperna in [6], with the penalty

term f(d) there taken as the Ginzburg-Landau type, that is f(d) = 1−|d|2

ε2 d, in other words, the

system considered in [6] can be viewed as the Ginzburg-Landau type approximation of system

(1.1)–(1.4). The relevant simplified isothermal model was proposed by Lin in [7] and later an-

alyzed by Lin-Liu in [8], where the penalty function f(d) is considered instead of |∇d|2d. The

model proposed in [7, 8] is a considerably simplified version of the famous Ericksen-Leslie model

introduced by Ericksen [1] and Leslie [2] in the 1960’s. Global existence of weak solutions to the
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