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Abstract In this article, we investigate the global stability of the wave patterns with the
superposition of viscous contact wave and rarefaction wave for the one-dimensional compress-
ible Navier-Stokes equations with a free boundary. It is shown that for the ideal polytropic
gas, the superposition of the viscous contact wave with rarefaction wave is nonlinearly stable
for the free boundary problem under the large initial perturbations for any v > 1 with ~

being the adiabatic exponent provided that the wave strength is suitably small.
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1 Introduction

The one-dimensional compressible Navier-Stokes equations in the Eulerian coordinate read
Pt + (N’ﬁ)~ =0,
(pi): + (PU° + D)z = pilzz, (1.1)

[ﬁ <é+ %)L + [ﬁ <é+ %2> +I3ﬂL = klzz + p(utz);,
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where @(Z,t) is the velocity, p(Z,t) > 0 is the density, 8(Z,t) > 0 is the absolute temperature,
P = p(p, é) is the pressure, and é = é(p, 9) is the internal energy of the gas in gas dynamics,
while p and x denote the viscosity and the heat-conductivity of the gas, respectively. Here, we

study the ideal polytropic gas, that is,

p=Ri0 = Ape’ T3, & =c,0,

where § = 5(p, 0) is the entropy, v > 1 is the adiabatic exponent, ¢, = % is the specific heat,
and both A and R are positive constants.

We consider the system (1.1) in the region & > Z(¢), with the free boundary & = #(t)
defined by

t
de (1.2)

and the free boundary conditions

(b — piiz)| ;s 4y = Do, 0 ez = 0- >0, (1.3)

which means that the gas is attached at the boundary & = Z(t) with the fixed outer pressure
po > 0 and the prescribed temperature _ > 0. The initial data is given by

(5,,0)],_o = (010, 80) (8) = (ps,us,04) as & — +oc, (1.4)

where py > 0, 64 > 0, and uy are prescribed constants and we assume éo‘j:i(t) = 0_ as the

compatibility condition.
As it is convenient to use the Lagrangian coordinate in spatial one-dimensional case, we

transform the Eulerian coordinates (,t) to the Lagrangian coordinates (x,t) by

x = / ply, t)dy, t=t,
and then the free boundary value problem (1.1)—(1.4) is changed into the half space problem
v — Uy =0,
tpe=p (= >0, t>0
U pw—ﬂ(v)za z ’ ) (15)

e+u—2 + (pu),, = fi%—i— e
2/, Py = v THT .

with the initial and boundary conditions

9|x:0 = 9*5

Uy
(p(0,0) = =) (0.5) = po, ¢ >0, (1.6)
(’U,’LL, 9)($, O) = (UOa Uo, 90)($) - (’U+, U+, 9+) as x — +00,

where u(z,t) = @(i,t), 0(z,t) = 0(7,t), and vy = p;'; and v = v(z,t) = p~'(#,t) denotes the
specific volume.
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