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Abstract This paper is concerned with the harmonic equation (P+c) : Au =0, u > 0 in
B™ and g—’: + "T*2u = ”T*QKuﬁ:Fs on S™! where B" is the unit ball in R™, n > 4 with
Euclidean metric go, B™ = S™ ! is its boundary, K is a function on "' and ¢ is a small
positive parameter. We construct solutions of the subcritical equation (P—_.) which blow up
at one critical point of K. We give also a sufficient condition on the function K to ensure
the nonexistence of solutions for (P_.) which blow up at one point. Finally, we prove a
nonexistence result of single peaked solutions for the supercritical equation (Py.).
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1 Introduction

Let us consider the following nonlinear boundary value problem on n-dimensional Rieman-

nian manifold with boundary (M, g), with n > 3:

-1 .
—4%%11 +Ru=0  in M,

9 By (1.1)

n—2av
where M = M \ &M denotes the interior of M, R, is the scalar curvature of M, K, is the

mean curvature of M, v is the outward unit vector with respect to the metric g, and c is a

Ku—cun2 on OM,

constant whose sign is uniquely determined by the conformal structure. Indeed, if g = e g,
then the metric g has zero scalar curvature and the boundary has a constant mean curvature
with respect to g.

Escobar studied this problem in [11]. He showed that most compact manifolds with bound-
ary admit such conformally related metrics.

In view of the above equation, it is natural to consider the problem of prescribing boundary

mean curvature with zero scalar curvature, that is: given a function K : 9M — R, does there
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exists a metric g’ conformally equivalent to g such that Ry =0 and K, = K7 From equation

(1.1), the problem is equivalent to finding a smooth positive solution v to the following equation,

-1 .
—4%A9U+RQ’U=0 in M,

2 v n (1.2)
n_zg—i—ng:Kvnf? on OM.

In this article, we are interested in the case where a non compact group of conformal trans-

formations acts on the equation so that Kazdan-Warner type conditions give rise to obstructions
as in the Nirenberg problem (see [15]). The simplest situation is the following one.

Let B™ be the unit ball in R™ with Euclidean metric go. Its boundary will be denoted by
OB™ = S"~! and will be endowed by the standard metric go. Let K be a function on S*~!. In

this case, our problem becomes

Au=0 and u >0 in B™,

(P) 8u+n—2 n—2K n_ on S-1
— U= un- n )
ov 2 2

Previously, Cherrier [8] studied the regularity question for this equation. He showed that
solution of (P) which are of class H' are also smooth. In [12], Escobar studied this problem (P)
on manifolds which are not equivalent to the standard ball. On the ball, sufficient conditions
on K in dimensions 3 and 4 were given in [14], and [9], and a perturbative results were obtained
in [7]. In [1], the authors developed a Morse theoretical approach to this problem in the 4-
dimensional case providing some multiplicity results under generic conditions on the function
K.

Note that the exponent An-l)

n—2

is critical for the Sobolev trace embedding H!(B") —
L4(S"~1). This embedding being not compact. Hence, for the study of problem (P), it is

interesting to approach it by the following family of harmonic problems

Au =0 and u >0 in B™
(Pxe)
%+n;2u:n;2KUﬁR on S"1,
v

where € is a small positive parameter.

Our aim, in this paper, is to give sufficient conditions on K such that problem (P+.) admits
a positive solution. It is easy to see that a necessary condition for solving the problem is that
K has to be positive somewhere. Note that some related problems of type (Pz.), in case of
bounded domains, were studied in [4-6, 10, 16, 17] and the references therein.

Our first result deals with construction of single peaked solutions for the subcritical har-

monic problem (P_.) with € > 0. More precisely, we have

Theorem 1.1 Let n > 4 and y be a nondegenerate critical point of K with —AK (y) > 0.
Then, there exists €9 > 0 such that for each € € (0,&p), problem (P_.) has a solution (u.) of
the form

Ue = ez 2.) + Ve (1.3)
with ve € E(,, x.) and as € — 0,

e — K(y)@*")/Q; lvel] — 0; zc — y, Ae — +00, (1.4)
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