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Abstract In this paper, we consider the formation of singularity for the classical solutions
to compressible MHD equations without thermal conductivity or infinity electric conductivity
when the initial data contains vacuum. We show that the life span of any smooth solution
will not be extended to oo, if the initial vacuum only appears in some local domain and the
magnetic field vanishes on the interface that separates the vacuum and non-vacuum state,

regardless the size of the initial data or the far field state.
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1 Introduction

Magnetohydrodynamics is that part of the mechanics of continuous media which studies
the motion of electrically conducting media in the presence of a magnetic field. The dynamic
motion of fluid and magnetic field interact strongly on each other, so the hydrodynamic and
electrodynamic effects are coupled. The applications of magnetohydrodynamics cover a very
wide range of physical objects, from liquid metals to cosmic plasmas, for example, the intensely
heated and ionized fluids in an electromagnetic field in astrophysics, geophysics, high-speed
aerodynamics, and plasma physics. In 3-D space, the compressible magnetohydrodynamic
equations (MHD) in a domain Q C R? can be written as

1
H; —rot(ux H) = —rot(—rotH),
o
divH =0,
pt + div(pu) =0, (1.1)
(pu)y + div(pu @ u) + VP = divS + rotH x H,
1
(pe)s + div(peu) — kAO + Pdivu = div(uS) — udivS + —|rot H|?.
o
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The initial data is given by

(H, p,u,e)li=0 = (Ho(x), po(z),uo(x), eo(x)), x € Q. (1.2)

In this system, 2 C R? is a smooth domain; = € € is the spatial coordinate; ¢ > 0 is
the time; H = (Hl,Hg,H3)T is the magnetic field; 0 < ¢ < oo is the electric conductivity
coefficient; p is the mass density; u = (u1, u2,u3)’ € R? is the velocity of fluids; e is the specific
internal energy; x > 0 is the thermal conductivity coefficient; S is the viscosity stress tensor
given by

S = u(Vu + (Vu) ") + Adivuls, (1.3)

where [3 is the 3 x 3 unit matrix, p is the shear viscosity coefficient, A+ % 1 is the bulk viscosity
coefficient, 4 and A are both real constants.

We only study the ideal polytropic fluids, so that P, e and 6 are given by
P=Rpd, e=c,0, ~v>1, (1.4)

where 6 is the absolute temperature, R and ¢, are both positive constants, v is the adiabatic
index satisfying
R/c, =7 —1.

Although the electric field E doesn’t appear in system (1.1), it is indeed induced according to
a relation )
E=—-rotH —ux H
o

by moving the conductive flow in the magnetic field.
In the case that the domain ) has boundary, the standard no-slip boundary condition or
Navier-slip boundary condition will be supplemented.

In this paper, it will be always assumed that
2
>0, /\+§/L>O, k=0, 0<o<+c0. (1.5)

When H = 0 in 3-D space, the existence of unique local strong (or classical) solution
with vacuum has been solved by many papers, and we refer the readers to [1, 2]. Huang-
Li-Xin obtained the well-posedness of classical solutions with small energy but possibly large
oscillations and vacuum for Cauchy problem in [7]. Some similar existence results was obtained
for compressible MHD equations in [5, 8].

The finite time blow-up for the classical solutions with compactly supported initial den-
sity to compressible non-isentropic Navier-Stokes equations without thermal conductivity was
proved in Xin [15], which was generalized by Cho-Kim [3] to the case of k > 0. Luo-Xin
[12] proved the finite time blow-up of symmetric smooth solutions to two dimensional isen-
tropic Navier-Stokes equations and analyzed the blow-up behavior at infinity time for one point
vacuum initial data. Du-Li-Zhang [4] showed the finite time blow-up of smooth solutions to
the isothermal case for the one dimensional case and two dimensional case with spherically
symmetric assumptions.

If we remove the key assumption that the initial mass density is compactly supported,
the finite time blow-up was proved in Rozanova [14] for classical solutions to compressible no-
isentropic flow with highly decreasing at infinity. For the compressible isentroic Navier-Stokes
or MHD equation in 3-D space, it can be shown in [13] as follows:
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