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Abstract For any z € (0,1] (except at most countably many points), there exists a unique

sequence {d,(z)}n>1 of integers, called the digit sequence of z, such that
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The dexter infinite series expansion is called the Liiroth expansion of x. This paper is con-
cerned with the size of the set of points  whose digit sequence in its Liiroth expansion is
strictly increasing and contains arbitrarily long arithmetic progressions with arbitrary com-

mon difference. More precisely, we determine the Hausdorff dimension of the above set.
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1 Introduction

The Liiroth expansion was first introduced by Liiroth [1] in 1883. For any z € (0, 1], the
Liiroth map T : (0,1] — (0, 1] is defined by

T(x) = dy(2)(d1 () — 1) (:v - %(I)) . where d(x) = H L1 (1.1)

Then we define the integer sequence {d,(z)},~, by
dp(z) =di (T" '(2)), n>1, (1.2)

where 7™ denotes the nth iterate of T(T° = Id 1))

*Received September 15, 2014; revised March 6, 2015. This work was supported by NSFC (11326206,

11426111).
fCorresponding author: Chunyun CAO.

CrossMark


http://crossmark.crossref.org/dialog/?doi=10.1016/S0252-9602(15)30093-X&domain=pdf

258 ACTA MATHEMATICA SCIENTIA Vol.36 Ser.B

By algorithm (1.1) and (1.2), any = € (0, 1](except at most countably many points) can be

developed uniquely into an infinite series expansion of the form

T 1:5) +i j=1 . + = (@) (1.3)
@S d@e - a@ 1 dEdE -1
=1 j=1
- 1
- ; di(2)(di(x) — 1) - dj—1(z)(dj—1 () — 1)d;j(z)’ (1.4)
which is called the Liiroth expansion of z and denote it by z = [dy(z),d2(x),- -+ ,dn(x), - -] for

short.

The above algorithm implies d,, > 2 for all n > 1. On the contrary, for a sequence
of integers {d,}n>1 satisfying d,, > 2, V n > 1, there exists a unique x € (0,1] such that
dn(z) = dn, ¥V n € N in the Liiroth expansion of x. Namely, each irrational = € (0,1] is
corresponding to an infinite integer sequence {dy, }n>1.

Whether integer subset contains arbitrarily long arithmetic progressions is a long-standing
question in number theory, especially for some peculiar subsets, such as primes. For this, Van
der Waerden [2] in 1927 established that while the set of integers is arbitrarily partitioned into
two classes, at least one class contains arbitrarily long arithmetic progressions. In 2008, Green
and Tao [3] gave a affirmative answer to the problem that the primes contain arbitrarily long
arithmetic progressions.

Since {d, }>1 can assume arbitrarily large values, it is possible that there are points whose
sequence of digits in its Liiroth expansion contains arbitrarily long arithmetic progressions. In
this paper, we discuss the above long-standing question in the setting of Liiroth expansion in
the view of metric number theory. To be specific, we are interested in the set of points whose
sequence of digits in its Liiroth expansion is strictly increasing and contains arbitrarily long

arithmetic progressions. Denote such a set by Fg, i.e.,
Es = {z € (0,1]: {dn(x)}n>1 is strictly increasing and
contains arbitrarily long arithmetic progressions}.
Furthermore, we care about the points whose sequence of digits in its Liiroth expansion con-
tains the arithmetic progressions with arbitrary common difference as well as satisfying above
properties. More precisely, we consider the set F45 defined as follows:
Eas = {z € (0,1]: {dn(x)}n>1 is strictly increasing and contains arbitrarily long
arithmetic progressions with arbitrary common difference}.
It is natural to ask how large such sets are in the sense of Lebesgue measure or Hausdorff
dimension. We prove that
Theorem 1.1 dimgFEg =dimygFEas = %, where dimpg denotes the Hausdorff dimension.

The growth speed of the digit sequence {d,(z)}n>1 was studied in [4]. The metric and
ergodic properties of the digit sequence {d,(r)},>1 and the Liiroth map T defined by (1.1)
were extensively studied in [5] (see also [6-11]). The behavior of approximating real numbers
by Liiroth expansion was thoroughly investigated in [12-14]. Since the Liiroth system can

also be viewed as an infinite iterated function system, dimensional theory in Liiroth expansion
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