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Abstract Starting with the many-body Schrédinger Hamiltonian in R?, we prove that the
ground state energy of a two-dimensional interacting Bose gas with the pairwise attractive
interaction approaches to the minimum of the Gross-Pitaevskii energy functional in the mean-
field regime, as the particle number N — oo and however the scattering length x — 0. By
fixing N|k|, this leads to the mean-field approximation of Bose-Einstein condensates with
attractive interactions in R2.
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1 Introduction

As the experimental realization of Bose-Einstein condensates (BEC) in 1995 (cf. [1, 9]),
BEC has been investigated intensively over the past few years. The forces between the atoms
in BEC can be either attractive or repulsive. In contrast to the repulsive case, the system of
the attractive case collapses if the particle number increases beyond a critical value, seeing, for
example, [15, 17, 18, 30] or [8, Sec. ITI1.B], which gives the existence of a critical particle number
for cold atoms. The repulsive case has been analyzed widely over the past few years; see, for
example, [21, 23-25] and references therein. In view of this fact, we shall focus on the attractive

case in this article.
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As illustrated in [4, 8, 11, 30] and references therein, BEC with attractive interactions in
two dimensions can be described by the following constraint minimization problem

Ea(N):inf{@@(p) ‘ p>0, p? €M and /
R2

pdz = N }, (1.1)
where N > 0 denotes the particle number of cold atoms, and the Gross-Pitaevskii (GP) energy
functional &(p) is of the form

&) = (4. { -2+ V@ }o?)

a

2 1
- — dz, 2 ¢ H. 1.2
oN [P dm e (1.2)
Here, & > 0 denotes the scattering length! k of the (attractive) interaction potential, that is,
a
= — >0, 1.3

and from the physical point of view, the trapping potential V' (z) is assumed to satisfy

(V). V(z) >0, V(z) € LS. (R*) and lim V(z) = oo,

2|00
so that H is defined as
Hi={p} € H'(R?) ] /R V()p(e)dz < oo} (1.4)
Alternatively, it is convenient to consider the L?-normalized minimization problem
e(a):inf{é'(p) } p>0, p* € H and /R2 pdle}, (1.5)
where the GP energy functional £(p) satisfies
Elp) = (p%,{—A—l-V(x)}p%)—%/Rszdx, p? €H, (1.6)

and the physical constant a > 0 is the same as that of (1.2). One can then check that for
p(x) = Np(),
&(p) = NE(p) and E,(N) = Ne(a), (1.7)

which implies that the analysis of E,(N) and e(a) can be reduced to each other.
The analytic properties of e(a) (and equivalently of E,(NN)) were studied recently in [15, 16].
It actually turns out that the problem e(a) is related closely to the following nonlinear scalar
field equation
~Au+u—u®=0 in R?* where uec H'(R?). (1.8)

Remark from [13, 19, 20] that, up to translations, (1.8) admits a unique positive radially
symmetric solution, which we denote @ = Q(|z|). Note also from [13, Prop. 4.1] that Q(|z|)

has the following exponential decay,

Q) [VQ(2])] = O(jz|~2e7 ") as |2] — cc. (1.9)
Moreover, we recall from [29] the following Gagliardo-Nirenberg inequality
2
() [Adz < —2/ |Vu(:v)|2d:v/ lu(2)2dz, ue H'(R?), (1.10)
R? 1QIIZ Jr2 R?

IFrom the physical point of view, the scattering length & of attractive BEC is negative. Here, we use x > 0

for convenience.
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