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Abstract This paper is concerned with the existence and the nonlinear asymptotic stabil-
ity of traveling wave solutions to the Cauchy problem for a system of dissipative evolution

equations

{t = _ex + ﬁ{xaﬁv
Or = €z + (£0) 2 + abzz,

with initial data and end states
(679)(2770) = (50790)(1’) - (£i79i) as x — +oo.

We obtain the existence of traveling wave solutions by phase plane analysis and show the
asymptotic nonlinear stability of traveling wave solutions without restrictions on the coeffi-
cients o and v by the method of energy estimates.
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1 Introduction and Main Results

In physical and mechanical fields, many phenomena can be modeled by the systems of the

nonlinear interaction between ellipticity and dissipation. Lorenz derived his famous equations
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in [1] from Rayleigh-Benard equations [2]. But the Rayleigh-Benard problem is a system of two
highly nonlinear partial differential equations with three independent variables, except for the
linearized system, it is difficult to analyze those equations in any way besides the numerical
computations. Therefor it is useful to construct a manageable partial differential equation and
its reduced system. Hsieh [3] proposed the following alternative system to try to yield more
and new insight to Rayleigh-Benard equations

gt = _(0 - 6)5 - 09;3 + 66117

(1.1)
Oy =—(1— )0+ v€ + (£0), + by,

where (t,z) € [0,400) X R, 0,, 3 and v are all positive constants satisfying the relation 8 < o
and o < 1. &(x,t) and O(x,t) denote a stream function and a temperature function respectively.

As a preliminary work, Jian and Chen [4] first established the global existence of solutions
of the system (1.1) with the initial condition (£o,60) € H'(R, R*) N L*(R, R?), and the optimal
decay rate and optimal decay order were obtained by Wang [5]. Hsiao and Jian [6] obtained
the global existence of classical solutions for the initial boundary value problem of the system
(1.1) with initial condition (£y,6p) € C*9([0,1])*C?9(]0,1]) (0 < § < 1) and periodic boundary
condition

(507 00)(0) = (£0,60)(1), ((5)% (6‘)1)(07t) = ((5)17 (H)I)(l, t)? 0<t<T.
Moreover, Tang and Zhao [7] studied the following modified system

é—t = _(U - 6)5 - 091 + ﬁgmmu

(1.2)
O = —(1— )0+ v€; + 280, + ably,.

When the initial data (£,6p) € L?*(R, R?), they established the global existence, nonlinear
stability and optimal decay rate of the solution to (1.2) with suitable restrictions on coefficients
o,a, 3 and v. Furthermore, if (§y,600) € L'(R, R?), they obtained the optimal decay rates of
solutions for system (1.2). Zhu and Wang [8] extended the above results to more general case

in which initial data satisfy

(fo(%),@o(l‘)) — (§+,01), as x — oo,
where (£ —&_,04 —6_) # (0,0). Duan and Zhu [9] investigated the asymptotics of diffusion

wave toward the solution of system (1.2). Zhu et al. [10] obtained the global existence, nonlinear
stability and decay rates of the solution to the diffusion wave for system (1.2). The optimal
convergence rates of solutions to diffusion wave for the Cauchy problem of (1.1) and (1.2) were
derived in [11] and [12], respectively. Hsieh [3] briefly discussed the linear stability of possible
periodic traveling wave solution to (1.2) in cases of 0 < a < 1, v > a as well as 0 > 0,5 > 0.
But there has not been any rigorous results of traveling wave solutions to (1.1) or (1.2). The
aim of this paper is to study the existence and the nonlinear stability of traveling wave solutions
to the system (1.1). Considering that (1.1) is a system of second-order parabolic equations, it
is very challenging to consider the traveling wave solutions due to the high dimensionally of the
wave system. In this paper, we shall consider the following system

gt = _91 + ﬁgmza

(1.3)
9t - ng + (56)1 + 046117
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