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Abstract In this paper, we study the existence result for degenerate elliptic equations with

singular potential and critical cone sobolev exponents on singular manifolds. With the help

of the variational method and the theory of genus, we obtain several results under different

conditions.
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1 Preliminaries

In this paper, we consider the existence of solutions for the following Dirichlet problem:

(Eα,β)





−∆Bu− µV (x)u = α|u|2
∗−2u+ βf(x)|u|q−2u, x ∈ intB,

u = 0, x ∈ ∂B,

where B = [0, 1) × X for X ⊆ RN−1 bounded and 0 ∈ X . Here µ ∈ R, α, β ≥ 0 and 1 <

q < 2∗ = 2N/(N − 2)(N ≥ 3), where 2∗ is the critical cone Sobolev exponent according to the

continuous embedding H
1, N

2

2,0 (B) →֒ L
N
2∗

2∗ (B) (see [3] or Propositions 2.1–2.3 for details). The

operator ∆B is defined by (x1∂x1
)2 + ∂2

x2
+ · · ·+ ∂2

xN
, which is an elliptic operator with totally

characteristic degeneracy on the boundary x1 = 0 (we also all it Fuchsian type Laplacian),

and the corresponding gradient operator is denoted by ∇B := (x1∂x1
, ∂x2

, · · · , ∂xN
). Moreover,

V (x) is the so-called cone Hardy weight and f(x) is a weight function defined on B.

The starting point of the analysis of operators on manifolds with conical singularities was

due to the work of Kondratev [11]. Then, many authors such as Schulze, Gil, Seiler, Krainer,
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Witt, Mazzeo, Melrose and Mendoza subsequently developed this subject by the tool of calcu-

lus of pseudo-differential operators on manifolds with singularities and they also gave various

methods and ideas in the pseudo-differential calculus on manifolds with singularities (see [7,

15–17, 19, 20]). We would like to mention the progress for the existence theorems for the cor-

responding nonlinear elliptic equations on manifolds with conical singularities in recent years.

For µ = α = 0, β = 1 and f ≡ 1, the authors in [3] considered the following equation:




−∆Bu = |u|q−2u, x ∈ intB,

u = 0, x ∈ ∂B,

and obtained a nontrivial solution if 2 < q < 2∗. For µ = 0, α = 1, q = 2 and f ≡ 1, the

authors studied the following problem

(E)





−∆Bu = |u|2
∗−2u+ βu, x ∈ intB,

u = 0, x ∈ ∂B,

in [2, 4, 12]. In [2, 4], they showed that equation admits at least a non-trivial solution when

N ≥ 4 and β > 0 is small enough, and (E) has infinitely many solutions under the condition

N ≥ 7. Furthermore, the authors in [12] studied the same problem and pointed out that (E)

possesses at least a nodal solution if N ≥ 4 and β > 0 is small enough. Similar problems can

be found in [4, 5, 9, 10] and the references [2–9, 11, 12, 15–17, 19, 20].

The following is cone Hardy inequality, which was proved in [6]. There exists C1 > 0 such

that ∫

B

V (x)|u|2
dx1

x1
dx′ ≤ C1

∫

B

|∇Bu|
2 dx1

x1
dx′ for all u ∈ H

1, N
2

2,0 (B), (1.1)

where V (x) has two kinds of singular potential functions:

V1 =

(
n− 3

2

)2
1

|x|2
,

and

V2 =

(
N − 1

2

)2
|x1|−2e−1/|x1|2

e−1/|x1|2 + |x2|2 + · · · + |xN |2
.

Clearly, 0 is the singular point of V1 and V2 is unbounded on ∂B. Notice that V1 is the classical

Hardy potential for ∆ and V2 is an extra Hardy potential as a new discovery for ∆B, and it

is interesting to consider the existence of solutions of degenerate elliptic equations involving

different kinds of Hardy potentials. We denote

µ = inf
u∈H1, N

2
2,0 (B)\{0}

∫
B
|∇Bu|2

dx1

x1
dx′

∫
B
V (x)|u|2 dx1

x1
dx′

. (1.2)

Based on (1.2), the author in [6] showed




−∆Bu− µV (x)u = λu+ |u|q−2u, x ∈ intB,

u = 0, x ∈ ∂B

has infinitely many solutions when λ > 0, 0 < µ < µ and 2 < q < 2∗.

Motivated by [2–9, 11, 12], we consider (Eα,β) under several different conditions on q and

µ in this paper. Moreover, we assume f(x) ≥ 0 on B and satisfies
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