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Abstract Let (X, d, µ) be a metric measure space endowed with a metric d and a nonneg-

ative Borel doubling measure µ. Let L be a second order non-negative self-adjoint operator

on L2(X). Assume that the semigroup e−tL generated by L satisfies the Davies-Gaffney

estimates. Also, assume that L satisfies Plancherel type estimate. Under these conditions,

we show that Stein’s square function Gδ(L) arising from Bochner-Riesz means associated to

L is bounded from the Hardy spaces H
p

L
(X) to Lp(X) for all 0 < p ≤ 1.
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1 Introduction and Main Results

Let (X, d, µ) be a metric measure space endowed with a metric d and a nonnegative Borel

doubling measure µ satisfying the doubling condition, that is, there exists a constant C > 0

such that for any x ∈ X and for any r > 0,

V (x, 2r) ≤ CV (x, r) < ∞, (1.1)

where B(x, r) = {y ∈ X : d(x, y) < r} and V (x, r) = µ(B(x, r)). In particular, X is a space of

homogeneous type. A more general definition and further studies of these spaces can be found

in [11, Chapter 3].

Note that the doubling property implies the following strong homogeneity property,

V (x, λr) ≤ CλnV (x, r) (1.2)

for some C, n > 0 uniformly for all λ ≥ 1 and x ∈ X . The smallest value of the parameter n is

a measure of the dimension of the space. There also exist C and D so that

V (y, r) ≤ C
(

1 +
d(x, y)

r

)D

V (x, r) (1.3)

uniformly for any x, y ∈ X and r > 0. Indeed, property (1.3) with D = n is a direct consequence

of the triangle inequality for the metric d and the strong homogeneity property (1.2). When X

is Ahlfors regular, that is, V (x, r) ∼ rn uniformly in x, the value D can be taken to be 0.
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The following shall be assumed throughout this article unless otherwise specified:

(H1) L is a non-negative self-adjoint operator on L2(X);

(H2) The operator L generates an analytic semigroup {e−tL}t>0 on L2(X) which satisfies

the Davies-Gaffney estimate. That is, there exist constants C, c > 0 such that for any open

subsets U1, U2 ⊂ X ,

|〈e−tLf1, f2〉| ≤ C exp
(

−
dist(U1, U2)

2

c t

)

‖f1‖L2(X)‖f2‖L2(X), ∀ t > 0, (1.4)

for every fi ∈ L2(X) with supp fi ⊂ Ui, i = 1, 2, where dist(U1, U2) := inf
x∈U1,y∈U2

d(x, y).

Examples of families of operators for which condition (1.4) holds include semigroups gen-

erated by second order elliptic self-adjoint operators in divergence form on the Euclidean

spaces R
n, Schrödinger operators with real potentials and magnetic field (see, for example,

[8, 13, 14, 16–19, 23, 24, 26, 27, 29]).

As L is a non-negative self-adjoint operator acting on L2(X), it admits a spectral resolution

L =

∫ ∞

0

λdE(λ).

For a complex number δ = σ + iτ, σ > −1, we can define the Bochner-Riesz mean Sδ
R(L) =

(

I − L/R2
)δ

+
of order δ of a function f as

Sδ
R(L)f(x) =

∫ R

0

(

1 −
λ

R2

)δ

dE(λ)f(x), x ∈ X (1.5)

using the spectral theorem. We then consider the following square function associated to an

operator L

Gδ(L)f(x) = cδ

(

∫ ∞

0

∣

∣

∣

∂

∂R
Sδ+1

R (L)f(x)
∣

∣

∣

2

RdR

)1/2

, x ∈ X, (1.6)

where cδ = 1
2(δ+1) .

Note that when L is the usual Laplacian −∆ on R
n, the square function Gδ(∆) is introduced

by E.M. Stein in his study of Bochner-Riesz means [30]. It is known that the Lp boundedness

of Gσ(∆) for 1 < p ≤ 2 holds if and only if σ > n(1/p − 1/2) − 1/2 (see [20, 21, 30]). For

the range p > 2, the condition σ > max{1/2, n(1/2 − 1/p)} − 1 is known to be necessary and

sufficient in the dimensions n = 1 and 2. In dimensions n ≥ 3, there are some partial results,

see, for instances, for σ > n(1/2 − 1/p) − 1/2 in [20, 21]. For 0 < p ≤ 1, if σ > n
(

1
p
− 1

2

)

− 1
2 ,

then Gσ(∆) is bounded from Hp to Lp [25]. Boundedness of the square function Gδ(∆) was

studied extensively because of its important role in the Bochner-Riesz analysis and we refer the

reader to [9, 20, 21, 25, 30] and the references therein.

Recently, P. Chen, X.T. Duong, and L.X. Yan studied the Lp boundedness of Stein’s square

function Gδ(L) when the semigroup e−tL, generated by −L on L2(X), has the kernel pt(x, y)

that satisfies the following Gaussian upper bound

∣

∣pt(x, y)
∣

∣ ≤
C

V (x, t1/2)
exp

(

−
d(x, y)2

c t

)

. (1.7)

They showed that under the assumption of Plancherel type estimate of L, that is, for some

2 ≤ q ≤ ∞ and any t > 0 and all Borel functions F such that supp F ⊆ [0, t],
∫

X

|K
F (

√
L)(x, y)|2dµ(x) ≤

C

V (y, t−1)
‖F (t·)‖2

Lq , (1.8)
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