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Abstract In this paper we consider the Elastic membrane equation with memory term

and nonlinear boundary damping. Under some appropriate assumptions on the relaxation

function h and with certain initial data, the global existence of solutions and a general

decay for the energy are established using the multiplier technique. Also, we show that a

nonlinear source of polynomial type is able to force solutions to blow up in finite time even

in presence of a nonlinear damping.
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1 Introduction

The objective of this work is to study the following initial-boundary value problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

utt −M(t)Δu+

∫ t

0

h (t− s) Δuds = 0 in Ω× (0,+∞) ,

u (x, 0) = u0 (x) and ut (x, 0) = u1 (x) in Ω̄,

u = 0 on Γ1 × [0,+∞) ,

M(t)
∂u

∂ν
−
∫ t

0

h (t− s) ∂u
∂ν

ds+ α |ut|m−2 ut = |u|p−2 u on Γ0 × [0,+∞) .

(1.1)
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where Ω is a bounded domain in Rn with smooth boundary ∂Ω such that ∂Ω = Γ0 ∪ Γ1,

Γ̄0∩Γ̄1 = ∅ and Γ0, Γ1 have positive measure λn−1 (Γi) , i = 0, 1, ν denotes the unit outer normal

vector pointing toward the exterior of Ω and M(t) = ξ0 + ξ1 ‖∇u (t)‖22 + σ (∇u (t) ,∇ut (t)),

where u is the plate transverse displacement, x is the spatial coordinate in the direction of

the fluid flow, and t is time. The viscoelastic structural damping terms are denoted by σ, ξ1

is the nonlinear stiffness of the membrane, and ξ0 is an in-plane tensile load. All quantities

are physically non-dimensionalized and ξ0, ξ1, σ and α are fixed positive. Equation (1.1) is

related to the flutter panel equation with memory term. This equation arises in a wind tunnel

experiment for a panel at supersonic speeds. For a derivation of this model see, for instance,

Dowell [14], Holmes [15, 16], Bass [8] and Balakrishnan and Taylor [7].

It is well known that viscoelastic materials exhibit natural damping, which is due to the

special property of these materials to keep memory of their past history. From the mathematical

point of view, these damping effects are modeled by integrodifferential operators. A simple

example is the viscoelastic membrane equation

utt −Δu+

∫ t

−∞

h (t− s) Δuds = 0.

Therefore, the dynamics of viscoelastic materials are interesting and of great importance, as

these materials have a wide application in natural sciences. Equations of type (1.1) are a class

of essential nonlinear wave equations describing the spread of strain waves in a viscoelastic

configuration. In the case of space dimension n = 1 and M(t) = 1, the equations in (1.1)

describe the spread of strain waves in a viscoelastic bar made up of the material of the rate

type. They can also be seen as field equations governing the longitudinal motion of a viscoelastic

bar.

In the absence of the viscoelastic term (h = 0) and σ = 0, we have the well known Kirchhoff

equation

utt −
(
ξ0 + ξ1 ‖∇u (t)‖22

)
Δu = 0,

it was extensively studied by several authors in both (1, 2, · · · , n)-dimensional cases and general

mathematical models in a Hilbert space H . Both local and global solutions were shown to exist

in several physical-mathematical contexts. Among them, Arosio-Spagnolo [6], Ono [22–24],

Clark [13], Kirchhoff [18], Narashinham [21], Pohozaev [25] and a number of other interesting

references cited in the previously mentioned papers, namely, in Cavalcanti et al. [1, 2, 9–12].

There exists a large body of literature on viscoelastic problems with the memory term. Among

these we can cite Appleby et al. [5], Rammaha et al. [26], and Vicente et al. [27]. Lu et al.

[20] considered the following problem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

utt −Δu+

∫ t

0

h (t− s) Δuds = 0 in Ω× (0,+∞) ,

u (x, 0) = u0 (x) and ut (x, 0) = u1 (x) in Ω̄,

u = 0 on Γ1 × [0,+∞) ,

∂u

∂ν
−
∫ t

0

h (t− s) ∂u
∂ν

ds+ |ut|m−2 ut = |u|p−2 u on Γ0 × [0,+∞) .

The authors proved local existence of the solutions in the energy space when m > r
r+1−p

or n = 1, 2, where r = 2(n−1)
n−2 , and global existence when p ≤ m or the initial data was
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