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Abstract The objective of this paper is to study the oscillatory and asymptotic prop-

erties of the mixed type third order neutral difference equation of the form

Δ
(
anΔ2 (xn + bnxn−τ1

+ cnxn+τ2
)
)

+ qnx
β

n+1−σ1
+ pnx

β

n+1+σ2
= 0,

where {an} , {bn} , {cn} , {qn} and {pn} are positive real sequences, β is a ratio of odd

positive integers, τ1, τ2, σ1 and σ2 are positive integers. We establish some sufficient

conditions which ensure that all solutions are either oscillatory or converges to zero. Some

examples are presented to illustrate the main results.
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1 Introduction

In this paper, we are concerned with the following third order mixed type neutral difference

equation of the form

Δ
(
anΔ2 (xn + bnxn−τ1 + cnxn+τ2)

)
+ qnx

β
n+1−σ1

+ pnx
β
n+1+σ2

= 0, (1.1)

where n ∈ N = {n0, n0 + 1, · · ·} , n0 is a nonnegative integer. We assume the following assump-

tions to hold:

(H1) {an} is a positive nondecreasing sequence such that
∞∑

n=n0

1
an

= ∞;

(H2) {bn} and {cn} are real sequences such that 0 ≤ bn ≤ b and 0 ≤ cn ≤ c with b+ c < 1;

(H3) {pn} and {qn} are positive real sequences;

(H4) β is a ratio of odd positive integers, τ1, τ2, σ1 and σ2 are nonnegative integers.

Let θ = max {τ1, σ1}. By a solution of equation (1.1), we mean a real sequence {xn}
defined for all n ≥ n0 − θ and satisfying equation (1.1) for all n ∈ N. A nontrivial solution
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{xn} is said to be nonoscillatory if it is either eventually positive or eventually negative and it

is oscillatory otherwise.

Recently there was increasing interest in studying the oscillatory behavior of neutral type

difference equation, see for example [1–16] and the references cited therein. This is due to the

fact that such equations have various applications in problems dealing with vibrating masses

attached to an elastic bar and in some variational problems.

Regarding the mixed type neutral difference equations, Grace [8] considered the third

order, mixed type neutral difference equation

Δ3 (xn + a xn−m − b xn+k)± (q xn−g + p xn+h) = 0 (1.2)

and established some sufficient conditions for the oscillation of all solutions of equation (1.2).

Agarwal, Grace and Bohner considered the m-th order mixed neutral difference equation

Δm (xn + a xn−k + b xn+σ) + q xn−g + p xn+h = 0 (1.3)

and obtained some oscillation theorems for the oscillation of all solutions of equation (1.3).

In [6], Agarwal and Grace considered several third order mixed neutral difference equations

and established some sufficient conditions for the oscillation of all solutions. It is to be noted

that all the results obtained only for linear type equations and to the best of our knowledge,

there is no paper dealing with nonlinear mixed type neutral difference equations. Therefore,

our aim is to study the oscillatory and asymptotic behavior of solutions of equation (1.1).

The paper is organized as follows: In Section 2, we present some sufficient conditions which

ensure that every solution {xn} of equation (1.1) is either oscillatory or xn → 0 as n→ ∞. In

Section 3, examples are presented to illustrate the main results.

2 Oscillation Results

In this section, we present some new oscillation criteria for equation (1.1). For the sake of

convenience, when we write a functional inequality without specifying its domain of validity we

assume that it holds for all sufficiently large n.

We begin with the following lemmas which are crucial in the proof of the main results. For

simplicity, we use the following notations:

zn = xn + bnxn−τ1 + cnxn+τ2 , Rn = Qn + Pn,

Qn = min {qn, qn−τ1 , qn+τ2} , Pn = min {pn, pn−τ1 , pn+τ2} ,

ηn =

(
d

4

)β−1
k (n− σ1)β

2β
Rn for some k ∈ (0, 1) and d > 0.

Lemma 2.1 Assume A ≥ 0, B ≥ 0, β ≥ 1. Then

(A+B)β ≤ 2β−1(Aβ +Bβ).

Proof The proof of the lemma is simple and so omitted. �

Lemma 2.2 Let {xn} be a positive solution of equation (1.1). Then there are only two

cases for n ≥ n1 ∈ N sufficiently large:
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