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Abstract Using a fixed point theorem of Krasnosel’skii type, this article proves the exis-

tence of asymptotically stable solutions for a Volterra-Hammerstein integral equation in two
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1 Introduction

In this article, we consider the nonlinear Volterra-Hammerstein integral equation in two

variables of the form

u(w,y) = q(z,y) + f(z,y,u(z,y)) + /OI /Oy V(z,y,s,t,u(s,t))dsdt

+/ / F(z,y,s,t,u(s,t))dsdt, (1.1)
o Jo

(z,y) € R2, where Ry =[0,00),¢:R2 - E; f:REXxE > E;F:RIXE - E;V:AXE > E
are supposed to be continuous, A = {(z,y, s,t) € Ri :s <z, t <y}, and E is a Banach space
with norm || .

The integral equations in a variable or two variables have been extensively studied by many
authors, for example, we refer to [1-8] and the references given therein. In general, existence
theorems for these equations are proved by the use of the fundamental methods in which the
fixed point theorems are often applied. In [1, 2], Avramescu and Vladimirescu have proved the

existence of asymptotically stable solutions to the following integral equations

u(t) = q(t) + f(t,u(t)) —|—/0 V(t, s)u(s)ds —i—/o G(t, s,u(s))ds, t € Ry, (1.2)
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u(t) = q(t) —l—/o K(t,s,u(s))ds + /000 G(t, s,u(s))ds, t € Ry, (1.3)

under suitable hypotheses. In the proofs, a fixed point theorem of Krasnosel’skii type is used,
(see [1, 2]).
In case the Banach space E is arbitrary, recently in [6, 7], the existence of asymptotically

stable solutions to the following integral equations

x(t) = q(t) + f(t,x(t)) —I—/O V(t,s,x(s))ds —I—/O G(t,s,z(s))ds, t € Ry, (1.4)

x(t) = q(t) + f(¢t, z(t)) —l—/o V(t,s,z(s))ds + /000 G(t,s,z(s))ds, t € Ry, (1.5)

also have been proved using the fixed point theorem of Krasnosel’skii type as follows.
Theorem 1.1 Let (X,|-|,,) be a Fréchet space and let U, C': X — X be two operators.
Assume that
(i) U is a k-contraction operator, k € (0,1) (depending on n), with respect to a family of
seminorms |-, equivalent with the family ||, ;
(ii) C is completely continuous;
|C=l, _ 0, Vn € N. Then, U + C has a fixed point.

EIN

(iii)  lim

|z, —

In [5], Lungu and Rus established some results relative to existence, uniqueness, integral
inequalities, and data dependence for the solutions of the following functional Volterra-Fredholm

integral equation with deviating argument in a Banach space by Picard operators technique
Ty
u(e) = gy b)) + [ [ K@yt 0)dsan oy eRy (10
o Jo

In [8], on the basis of the applications of the Banach fixed point theorem coupled with
Bielecki type norm and the integral inequality with explicit estimates, B. G. Pachpatte studied
some basic properties of solutions of the Fredholm type integral equation in two variables as
follows

a b
u(z,y) —f(a:,y)+/0 /0 g(x,y,s,t,u(s,t), Diu(s,t), Dau(s,t)) dids. (1.7)

With the same methods, in [9], the existence, uniqueness, and other properties of solutions
of certain Volterra integral and integrodifferential equations in two variables were considered.

The functional integral equations in two variables mentioned as above lead to the study of
the existence of asymptotically stable solutions of (1.1).

Also applying Theorem 1.1, with adding some suitable conditions, we also obtain the same
results for (1.1) as those for (1.5) in [7]. The proofs are completed by combination of the argu-
ments in [7] with appropriate modifications and the integral inequalities with explicit estimates
(see Lemma 2.2 and Lemma 3.2 below).

The article consists of three sections and the existence of solutions, the existence of asymp-
totically stable solutions for (1.1) will be presented in Sections 2, 3. The results obtained here

may be considered as the generalizations of those in [7].
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