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Abstract In this article, we first investigate the properties of modular Frobenius groups.

Then, we consider the case that G′ is a minimal normal subgroup of a modular Frobenius

group G. We give the complete classification of G when G′ as a modular Frobenius kernel

has no more than four conjugacy classes in G.
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1 Introduction

Let G be a finite group and fix a prime number p. The following definition of p-modular

Frobenius group was first introduced by Kuisch and Waall in [1].

Definition 1.1 Let 1 < N ⊳ G. Suppose that K is a splitting field for K[N ] with

char(K)= p > 0. We say G is a p-modular Frobenius group if G satisfies one of the following

equivalent conditions.

(a) Every nontrivial irreducible K[N ]-module V has the property that V G is irreducible.

(b) CG(x) ≤ N for every nontrivial p-regular element x of N .

Such a normal subgroup N , as occurring in Definition 1.1, is called a p-modular Frobenius

kernel. It is obvious that G is an ordinary Frobenius group with kernel N if either |G| or

|N | is coprime to p by Definition 1.1. It is easy to see that a normal p-subgroup is a trivial

p-modular Frobenius kernkel. In this article, we deal with p-modular Frobenius kernkels that

are not p-subgroups.

From now on, we may assume that K = F is an algebraically closed field of characteristic

p at the given fixed prime p. We write IBr(G) for the set of irreducible Brauer characters of
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G. FG-modules are finitely generated right FG-modules. Via the correspondence between

FG-modules and FG-representations, we can obtain another equivalent definition of p-modular

Frobenius group as the following:

Definition 1.2 We say that G is a p-modular Frobenius group with kernel N if every

non-principal irreducible Brauer character of N induces irreducibly to G.

It holds that a Frobenius group G is a p-modular Frobenius group when its Frobenius kernel

is not a p-group. Conversely, it might not be correct that a p-modular Frobenius group is an

ordinary Frobenius group. Moreover, a p-modular Frobenius kernel is not necessarily nilpotent.

A counterexample is GL(2, 3). GL(2, 3) is a 2-modular Frobenius group with kernel SL(2, 3)

which is 3-nilpotent but not 2-nilpotent, while GL(2, 3) is not a Frobenius group.

In Section 2, we give some basic properties of p-modular Frobenius groups.

In Section 3, we obtain the complete classification of p-modular Frobenius groups according

to the numbers of conjugacy classes contained in their derived groups, where the derived groups

being modular Frobenius kernels are the minimal normal subgroups.

Now, we give the reason why we consider the case that a p-modular Frobenius kernel is a

minimal normal subgroup. Let G be a p-modular Frobenius group with kernel N and H be a

minimal normal subgroup of G. Then H ≤ N which follows by Lemma 2.3(d). If H < N , it

follows that G/H is a p-modular Frobenius group with kernel N/H by Lemma 2.3(b). Suppose

that H1/H is a minimal normal subgroup of G/H . Then, it follows that H1/H is contained

in N/H by Lemma 2.3(d). If H1/H < N/H , then G/H1 is a p-modular Frobenius group with

kernel N/H1 by Lemma 2.3(b). We can repeat the process and find M ⊳ G with M < N

such that G/M is a p-modular Frobenius group with kernel N/M , where N/M is the minimal

normal subgroup of G/M . So, we consider the case that a p-modular Frobenius kernel is a

minimal normal subgroup of G. By Lemma 3.1(b), we also consider the case that the derived

group as a modular Frobenius kernel is a minimal normal subgroup. It is well known that a

normal subgroup of G is the union of some conjugacy classes in G. And a minimal normal

subgroup of G might have few conjugacy classes in G. Let G be a p-modular Frobenius group

with kernel G′ and G′ be a minimal normal subgroup of G. Inspired by Riese and Shahabi [2],

and Shahryari and Shahabi in [3, 4], we obtain the structure of G as the following.

Theorem 1.3 Let G be a p-modular Frobenius group with kernel G′. Suppose that G′

is the minimal normal subgroup of G.

(a) If G′ is the union of two conjugacy classes in G, then G is a doubly transitive Frobenius

group (Zr)
s ⋊ Zrs−1 for some prime r 6= p. In addition, |Irr1(G)| = 1.

(b) If G′ is the union of three conjugacy classes in G, then G is a Frobenius group of the

kind (Zr)
s ⋊ Z rs−1

2
for some odd prime r 6= p and s ≥ 2. In addition, |Irr1(G)| = 2.

(c) If G′ is the union of four conjugacy classes in G, then G is a Frobenius group (Zr)
s ⋊

Z rs−1
3

for some prime r 6= p. In addition, |Irr1(G)| = 3.

Before stating one of the results, we introduce some notations. If N ⊳ G and α ∈ IBr(N),

we write IBr(αG) = {ϕ ∈ IBr(G) | I(αG, ϕ) 6= 0}. Let IBr(G)♯ denote the set of non-principal

irreducible Brauer characters of G and N ♯ denote N − {1}. We use the notation LBr(G)

to denote the set of Brauer linear characters of G. Of course, Brauer linear characters are

irreducible. We write (Zr)
n and Zm to denote an elementary abelian group of order rn and a
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