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Abstract In this article, we investigate a class of stochastic neutral partial functional differ-

ential equations. By establishing new integral inequalities, the attracting and quasi-invariant

sets of stochastic neutral partial functional differential equations are obtained. The results

in [15, 16] are generalized and improved.
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1 Introduction

The attracting set and the invariant set of dynamical systems have been extensively studied

over the past few decades and various results are reported. For discrete systems, see [1–3]. For

deterministic differential systems with or without delays, see [4–8]. For partial differential

systems, see [9]. For stochastic or random systems, see [10, 11].

Stochastic partial differential equations in Hilbert spaces were studied by some authors

and many valuable results on the existence, uniqueness and stability of the solutions were

established; see, for example, [12–22]. However, to the best of our knowledge, there exist only

a few articles which dealt with the attracting set and the invariant set of stochastic partial

functional differential equations. To be more precise, treated within a variation formulation

in [14], it is analyzed the almost sure exponential stability and ultimate boundedness of the

solutions to a class of neutral stochastic semilinear partial delay differential equations.

In this article, on the basis of the above articles, we consider some stochastic neutral partial

functional differential equations. By establishing new integral inequalities, the attracting and

quasi-invariant sets of stochastic neutral partial functional differential equations are obtained.

The related known results in [15, 16] are generalized and improved.
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2 Model Description and Preliminaries

Throughout this article, H and K will denote two real separable Hilbert spaces and we

denote by 〈·, ·〉H , 〈·, ·〉K their inner products and by ‖·‖H , ‖·‖K their vector norms, respectively.

Let (Ω,F , {Ft}t≥0, P ) be a complete probability space with a filtration {Ft}t≥0 satisfying the

usual conditions (that is, it is right continuous and F0 contains all P-null sets). We denote

by L(K,H) the set of all linear bounded operators from K into H , equipped with the usual

operator norm ‖·‖ . In this article, we always use the same symbol ‖·‖ to denote norms of

operators regardless of the spaces potentially involved when no confusion possibly arises. E[f ]

means the mathematical expectation of f

Let {W (t), t ≥ 0} denote aK-valued {Ft}t≥0-Wiener process defined on (Ω,F , {Ft}t≥0, P )

with covariance operator Q, that is,

E〈W (t) , x〉K〈W (s) , y〉K = (t ∧ s) 〈Qx, y〉K for all x, y ∈ K,

where Q is a positive, self-adjoint, trace class operator on K. In particular, we shall call such

W (t), t ≥ 0, a K-valued Q-Wiener process with respect to {Ft}t≥0.

To define stochastic integrals with respect to the Q-Wiener process W (t), we introduce the

subspace K0 = Q1/2(K) of K which, endowed with the inner product
〈
u, v
〉
K0

=
〈
Q−1/2u,

Q−1/2v
〉
K

, is a Hilbert space. Let L0
2 = L2(K0, H) denote the space of all Hilbert-Schmidt

operators from K0 into H . It turns out to be a separable Hilbert space, equipped with the

norm

‖ψ‖
2
L0

2
= tr

((
ψQ1/2

)(
ψQ1/2

)∗)
for all ψ ∈ L0

2.

Clearly, for any bounded operators ψ ∈ L(K,H), this norm reduces to ‖ψ‖2
L0

2
= tr (ψQψ∗).

The reader is referred to Da Prato and Zabczyk [23] for a systematic theory about stochastic

integrals of this kind.

R+ = [0,+∞) and C(X,Y ) denotes the space of continuous mappings from the topological

space X to the topological space Y . Especially, let C
∆
= C([−τ, 0] , R), where τ is a positive

constant. For φ ∈ C, we denote |φ(t)|τ = sup
−τ≤s≤0

|φ(t+s)|.Denote CH = C([−τ, 0], H) equipped

with the norm ‖φ‖CH
= sup

−τ≤s≤0
‖φ‖H . Denote by BCb

F0
([−τ, 0] , H) the family of all bounded

F0-measurable, CH -valued random variables φ, satisfying ‖φ‖
p

Lp = sup
−τ≤s≤0

E‖φ (s)‖
p

H <∞.

Consider stochastic neutral partial functional differential equations:




d [x (t) + f (t, xt)] = (Ax (t) + g (t, xt)) dt+ σ (t, xt) dW (t) , t ≥ 0,

x0 (s) = ϕ ∈ BCb
F0

([−τ, 0] , H) , s ∈ [−τ, 0] ,
(2.1)

where A : D (A) ⊂ H → H is the infinitesimal generator of an analytic semigroup of linear

operator (T (t))t≥0 on a Hilbert space H . f, g : [0,∞) × CH → H and σ : [0,∞) × CH → L0
2

are jointly continuous functions.

We also assume 0 ∈ ρ (−A). Then, it is possible to define the fractional power (−A)α for

some 0 < α ≤ 1 as a closed linear operator with its domain D ((−A)α). Furthermore, we have

the following properties appeared in [24].

Remark 2.1 Suppose 0 ∈ ρ (−A), then by Theorem 6.13, p. 74, in [24] we prove that

there exist positive constants M,γ such that ‖T (t)‖ ≤Me−γt for t ≥ 0.
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