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Abstract Based on an asymptotic expansion of finite element, an extrapolation cascadic
multigrid method (EXCMG) is proposed, in which the new extrapolation and quadratic
interpolation are used to provide a better initial value on refined grid. In the case of
multiple grids, both superconvergence error in H*-norm and the optimal error in I2-norm
are analyzed. The numerical experiment shows the advantage of EXCMG in comparison
with CMG.
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1 Introduction

To solve a linear system of equations derived by the finite difference method or finite
element method, people’s aim is to get the solution of N-order system by O(N) the operations.
Multigrid method (MG) has first realized this purpose and then becomes the most effective
algorithm to solve the large scale problem. Since 1970’s, MG has been extensively studied
and the systematical theory has been established. There are two important types: (Classical)
Multigrid Method (MG) was proposed early, see [1, 2]. Three operators between different grids,
e.g. the interpolation, restriction and iteration, are used. Its code looks complicated. Cascadic
Multigrid Method (CMG) was proposed by Borneman, Deunfhard [3], and then analyzed by
Z.C. Shi, X.J. Xu [4-7]. In which only the interpolation and iteration from coarse grids to
refined grids are used, its code is easily realized and more remarkable.

Consider an elliptic problem in a planar polygon € with the boundary I'

—Au=f inQ, u=0 on I.

*Received September 1, 2008. Supported by National Natural Science Foundation of China (10771063) and
the Doctor Programme of the National Education Committee (20050542006)



540 ACTA MATHEMATICA SCIENTIA Vol.29 Ser.B

Denote by u € Hi = {u: u € H' (), v =0 on I'} the exact solution of the problem. Assume
that the domain €2 is subdivided into a sequence of grids Z;,1 = 0,1,2,---, L with step-length
h; = h0/2l. Denote by V; C H& a linear (or bilinear) finite element subspace on the grid Z; and
by U' € V; the corresponding finite element solution satisfying

A(Ul,v): (fyv), veV, 1=0,1,2,---,L,

where the bilinear form A(u,v) = [, VuVuvdz is bounded and H}-coercive. This problem is
reduced to a linear system of equations K;U! = f! with the nodal unknowns U' of dimension
n;. Taking any initial value U"? and using an iterative operator S;, the system can be solved
by an iteration process, UM+t = UM + F! k =0,1,2,---, k. The final aim is to get the
iterative solution UX*L on the finest grid 7.

Because the exact finite element U! also satisfies U! = S;U' + F', the iteration er-
ror eb® = ULF — Ul € V] satisfies iteration relation el*+1 = SGjebk = SFel0. Assume that

{pj, ; ;‘LZ:I are the eigen-system of the operator S; and the initial error can be expressed by

ng ny
eb0 = 3" a;¢;, |02 = 3 |a;j|?, then the iteration error in [>-norm is

Jj=1 j=1
ng 2 n

e 2 = 8t = |3 phases|| = 3 o2 lasl? 1)
j=1 j=1

Denote the spectrum radius p = max p; < 1, then
e+ < pFllet ). (2)

In the process of iterations, the higher frequency components with p; << 1 is contracted rapidly
by several iterations, but the low frequency components with p; ~ 1 remain and it is hard to
decay. For example, for the efficient CG with spectrum radius p = 1 — ch, ¢ ~ 1,the error is
deduced to only (1 —h)™ ~ 1/e by m = [1/h] iterations. This is an essential difficulty.

We see that there are two ways to raise the accuracy, i.e., decrease the spectrum radius
or improve the initial value. While CMG is just to provide the good initial value by use of the
interpolation and iteration from coarse grids to refine grids.

Assume that the exact solution U° on Zy given, CMG has the recurrence algorithms as
follows, Il =1,2,---, L.

Step 1) take the linear interpolation I;U'~! to define the initial value U%° = I, U'~1;

Step 2) use the operator S to get the iterative solution U; = S’lklUl’O;

Step 3) come back to steps 1) and 2) if | < L, until get the final solution U on Zy.

The errors in the CMG are measured by the energy norm ||e||x. Because the gradient of
linear finite element is of superconvergence on the (piecewise) uniform grid, the iteration error
llellk = O(h), in general, is easily attained. Thus, CGM is efficient in the energy norm and
applicable for many problems, for example, the elastic mechanics. But which is not convergent in
L?-norm and one can get only ||e|| < C|le||x = O(h) by the embedding theorem, no the optimal
error |le]| = O(h?). As an example, e = hz in (0,1), obviously |le| = ||D.e| = O(h). So CMG
is not necessary efficient for the problems measured by |le||. This surprising phenomenon is
observed in our numerical experiments (Of course, if the accuracy O(h?) in L? is not required,

we do not need to discuss this question).
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