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Along the line due to Riemann, A. Weil, E. Bombieri [1], an explicit formula for

∑
ρ

f̃(ρ)

is used to study properties of Riemann zeta-function where f(x) ∈ C∞0 (0,∞), f̃(s) denotes the

Mellin transformation of f(x), i.e.,

f̃(s) =

∫ ∞

0

xs−1f(x)dx,

ρ ranges all the complex zeros of Riemann zeta-function.

For our purpose instead of Mellin transformation we use Fourier transformation

F̂ (t) =

∫ +∞

−∞

F (ξ)eiξtdξ.

We note that if we put s = 1
2 + it, f(eξ)e

ξ
2 = F (ξ). We have

f̃(s) = F̂ (t).

So the problem reduces to study the explicit formula for

∑
ρ

F̂ (γ), ρ =
1

2
+ iγ.
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1 Explicit Formula

In order to treat variational problem, we consider F (x) ∈ H̊, where H̊ denotes the Sobolev

space which is the closure of C∞0 (−m,m) under the norm

‖F‖
H̊
=

∫ m

−m

(|∇F |2 + |F |2)dx.

In [1], E. Bombieri proved that if we denote f∗(x) = 1
x
f( 1

x
), then we have∑

ρ

f̃(ρ) = f̃(0) + f̃(1)−
∑

Λ(n)[f(n) + f∗(n)]− (log π)f(1)

+
1

2π

∫ +∞

−∞

Re
Γ′

Γ

(1
4
+
iv

2

)
f̃
(1
2
+ iv

)
dv.

In term of F , this is

∑
ρ

F̂ (γ) =

∫ +∞

−∞

[F (y) + F (−y)]e y
2 dy −

∑
Λ(n)[F (logn) + F (− logn)]n− 1

2

−(log π)F (0) + 1

2π

∫ +∞

−∞

Re
Γ′

Γ

(1
4
+
iv

2

)
F̂ (v)dv.

We use the identity (see [2], Chapter 12)

Γ′

Γ
(z) = −γ0 − 1

z
+

∞∑
n=1

( 1
n
− 1

n+ z

)

= −γ0 +

N∑
n=1

1

n
−

N∑
n=0

1

n+ z
+

∞∑
n=N+1

( 1
n
− 1

n+ z

)

= pN (z) + rN (z),

where γ0 = Euler constant. From [1],

1

2π

∫ +∞

−∞

RepN

(1
4
+
iv

2

)
F̂ (v)dv

=
1

2π

∫ +∞

−∞

(
− γ0 +

N∑
n=1

1

n
−

N∑
n=0

4n+ 1

(2n+ 1
2 )

2 + v2

)
F̂ (v)dv

= (−γ0 + ζN )F (0)−
N∑

n=0

1

2π

∫ +∞

−∞

4n+ 1

(2n+ 1
2 )

2 + v2
F̂ (v)dv.

By
1

2π

∫ +∞

−∞

2a

a2 + v2
F̂ (v)dv =

1

2πi

∫ +∞

−∞

F (ξ)dξ

∫ +∞

−∞

( 1

v − ia
− 1

v + ia

)
eivξdv,

1

2πi

∫ +∞

−∞

( 1

v − ia
− 1

v + ia

)
eivξdv = min{eξ, e−ξ}a.

So

N∑
n=0

1

2π

∫ +∞

−∞

4n+ 1

(2n+ 1
2 )

2 + v2
F̂ (v)dv =

∫ +∞

0

F (ξ)e−(2n+ 1
2
)ξdξ +

∫ 0

−∞

F (ξ)e(2n+ 1
2
)ξdξ

=

N∑
n=0

∫ +∞

0

[F (ξ) + F (−ξ)]e−(2n+ 1
2
)ξdξ.
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