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Abstract In this paper, we investigate the growth relations between algebroid functions
and their derivatives, and extend famous C. Chang inequality (see [1, 4]) of meromorphic
functions to algebroid functions.
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1 Introduction and Main Result
Let Ag(z), -, Ao(z) be entire functions without common zeros, then the equation
Uz, W) = Ap(2)WF + Ap 1 (2)WF L4 Ag(2) =0 (1)

defines a k-valued algebroid function W(z) in |z| < oo (see [3, 5]). If Ax(z) = 1, then W(z)
is called a k-valued entire algebroid function. If Ag(z),---, Ag(z) all are polynomials, then
W (z) is called a k-valued algebraic function (we generally consider {A;(z)} containing at least
one transcendental entire function). Let M denote the field of meromorphic functions, we use
the notation M|z] for the ring of polynomials with coefficients in M. If U(z, W) € M|[z] is
irreducible over M, then W(z) is called a k-valued irreducible algebroid function.

Let W(z) be a k-valued irreducible algebroid function defined by (1) in |z| < oco. If
Ag(z0) # 0, and if ¥(zo,W) = 0 and its partial derivative ¥, (29, W) = 0 have no common
roots, then zy is said to be a regular point of W (z). The set of all regular points of W (z) is called
the regular set, denoted by Ty Its complementary set Sy := C—Tyy is called the critical set of
W (z). We know that each critical point zg € Sy is an isolated point. The single valued domain
of the irreducible k-valued algebroid function W = W (z) is the connected Riemann surface T.,

the point on which is a regular function element b = (wp,j(2),b) == {(wp(2),B(b,r)}. For

*Received August 31, 2009. This work is supported by National Natural Science Foundation of China
(10471048; 10771011) and the Fundamental Research Funds for the Central Universities.



836 ACTA MATHEMATICA SCIENTIA Vol.31 Ser.B

any two regular function elements (w,_;(z),a) and (wy ;(2),b) on Ty, there always exists a path
v C T; along which they can be continuated analytically to each other (see [5]). We generally
write W = W (z) = {(w;(2),b) ?:1.
Definition 1 Let W(z) = {(w;(2),a)}}_, be a k-valued algebroid function defined by

(1), W'(2) := {(w}(2),a)} is called the derivative of W(z), if

(2, W') = Bi(2)(W' —wy(2)) (W' —wy(2)) - (W' = wi(2))
= Br(2)(W')* + Br_1(2)(W')* "1 + . + By(z) = 0, (2)

where By (z),- -, Bo(z) are entire functions without common zeros.
We now recall the basic notations of Nevanlinna value distribution theory of algebroid
functions (see [3]).

For the proximity function, we define, for a € C,

1 1 °r 1
—) = = logt ——————d#
m(r, W — a) m(r,a) 2km J_Zl/() °8 |wj(rel?) — al

and for a = oo,

k
Z m(r, wy).

Let n(r,a) be the number of a-points of W(z) , counted according to their multiplicity, in

?vl}—‘

27
m(r, W) = m(r,o0) := gy Z/ log™ |w;(rel?)|dg =

the disk |z| < r, we write

1 B 1 ["n(t,a) —n(0,a) 1
N(T, m) = N(T, a) = k/o fdt + ETL(O, a) IOgT

for a € C, correspondingly,

1 [Mn(t - 1
N(r,W) = N(r,00) := %/0 n{t, W) ; n(O’W)dt—i— En(QW) logr

for a = oco. Defining the Nevanlinna characteristic function of W(z) as
T(r,W):=m(r,W)+ N(r,IW).

Definition 2 Let W = W (z) be a k-valued algebroid function defined by (1) in |z| < co.
The order p and lower order A of W(z) are defined respectively by

p = limsup M, A = liminf M.
r—o0 logr r—o0 logr
Similarity, for the derivative W' (z) of an algebroid function W (z), we can define its order p’
and lower order \'.

In [1, 4], C. Chuang investigated the growth of meromorphic function f(z) and its derivative
f'(2), and obtained the famous inequality as follows.

Theorem A Suppose that f(z) is a meromorphic function in |z| < oo, and f(0) # oo,
f'(z) is its derivative, then there exists a positive constant rg, such that for any 7 > 1 and
r >,

T(r, f) < C.T(rr, f') +log" (7r) + 4 +log™ | £(0)], (3)
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