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1. Introduction

By a Jacobi operator /matrix we will call a bounded Hermitian operator on ¢3(Z.) of

the form
b1 a1 0
ai b2 ag .
j = . . (1'1)
0 ag b3 .

Any operator of the form (1.1) will be denoted by J[an, b,]32 . Sequences {a,}, {b,}
are called the Jacobi parameters of J. We always assume these are bounded sequences,
and a, > 0, b, € R for all n.

Associated to J, we have pu, the spectral measure of J with respect to the vector
e := (1,0,0,...)" (which is cyclic since all a; > 0):

/ f(@)du(z) = {er, F(T)ex). (12)
R

Conversely, given any probability measure p with compact but not finite support in R,
we can form the sequence of orthonormal polynomials which satisfy the three-term re-
currence relation with the coefficients {an, b, }22; from (1.1).

In this paper we will consider only measures with essential support equal to a finite
gap set

e = U[ij,ﬂj], aq <ﬂ1 <ag <...< Q41 <ﬁl+1. (13)

We will refer to each [ay, 5;] as a “band”, and to each [3;, a;11] as a “gap”.

Associated to ¢ is a natural class of operators called the isospectral torus 7, of Jacobi
operators. This includes as special cases the free Jacobi operator when [ = 0, ¢ =
[—2,2] and, more generally, all periodic Jacobi operators when harmonic measures of
each [a;, f;] in e are rational. If not all of these harmonic measures are rational, then 7;
consists of almost-periodic Jacobi operators.

Operators in the isospectral torus are well-studied by now (see the classical works [31,
9,20,21]). We propose to go one step further and consider their finite range perturbations:
take J € 7, and change finitely many of its Jacobi coefficients.

Similar constructions are also considered for measures on the unit circle. By a CMV
operator/matrix we will call a unitary operator on ¢5(Z,) of the form

C= dlag (50,52,54, . ) dlag (E_l,El,Eg, .. ) y

- _ an V 1- |an|2 fram) —
where Z,, = , and Z_1 = (1).
V1= |ag)? —ay,
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