Advances in Mathematics 291 (2016) 59-89

Contents lists available at ScienceDirect

Advances in Mathematics

www.elsevier.com /locate/aim

MATHEMATICS

On the rotation-two-component Camassa—Holm
system modelling the equatorial water waves

@ CrossMark

Lili Fan®, Hongjun Gao ™", Yue Liu“*

& School of Mathematical Sciences, Institute of Mathematics, Nanjing Normal

University, Nanjing 210023, China

Y Institute of Mathematics, Jilin University, Changchun 130012, China
¢ Department of Mathematics, University of Texas, Arlington, TX 76019, USA

ARTICLE INFO

ABSTRACT

Article history:

Received 21 July 2015

Accepted 5 November 2015

Available online 13 January 2016
Communicated by Charles Fefferman

MSC:
35Q53
35B30
35G25

Keywords:
Rotation-two-component
Camassa—Holm system
Coriolis force

Blow-up

Wave-breaking

Global existence

In this paper, a modified two-component Camassa—Holm
system with the effect of the Coriolis force in the rotating fluid
is derived, which is a model in the equatorial water waves. The
effects of the Coriolis force caused by the Earth’s rotation and
nonlocal nonlinearities on blow-up criteria and wave-breaking
phenomena are then investigated. Our refined analysis relies
on the method of characteristics and conserved quantities
and is proceeded with the Riccati-type differential inequality.
Finally, conditions which guarantee the permanent waves are
obtained by using a method of the Lyapunov function.
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1. Introduction

It is known that for the geophysical water waves the forces with primary influence

are the gravity and the Coriolis force induced by the Earth’s rotation. When considering
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waves propagating in the equatorial ocean regions throughout the extent of the Pacific
Ocean, it is found however that the Equatorial Undercurrent (EUC) [14,28,36] is one
essential feature and the effect of the Coriolis force is small, because of the smallness of
the variation in latitude of the EUC in the equatorial region. In this case, one can use
the approximation by the f-plane governing equations rather than the S-plane approx-
imation to capture the peculiarity of the EUC flow [8]. There have recently appeared
several works involving steady periodic rotational Equatorial water waves in the f-plane
on topics like existence [9,25,32], regularity of free surface and of the stream lines [33],
symmetry [26] and stability [20], for example.

It is our purpose in the present paper to derive the following rotation-two-component
Camassa—Holm (R2CH) system

Ut — Uggt — Aty + 3utly = 0(2Uplpy + Ulgry) — MUgre — (1 — 2QA4) ppx + 2Qp(pu) 5,
pe+ (pu)z =0

(1.1)

from the f-plane governing equations for the geophysical water waves which admit a
constant underlying current and then investigate the properties of breaking and the
permanent waves for the solutions of the established model. And here the function u(t, x)
is the fluid velocity in the z-direction, p(t,x) is related to the free surface elevation
from equilibrium, the parameter A characterizes a linear underlying shear flow, the real
dimensionless constant ¢ is a parameter which provides the competition, or balance, in
fluid convection between nonlinear steepening and amplification due to stretching, pu is
a nondimensional parameter and {2 characterizes the constant rotational speed of the
Earth. The boundary assumptions associated with (1.1) are u — 0, p = 1 as |z| — oc.
There are at least three conservation laws associated with the system in (1.1):

E(u,p) = %/ (v +u2 + (1 —2Q4)(p — 1)?) d, (1.2)
R
Ii(u,p) = / (u—Q(p—1)°) du, and (1.3)
R
Blup) = (o= 1)da. (1.4)
R

When 2 = 0, i.e. without considering effect of the Earth’s rotation, then the following

functional is conserved.

1 .
F(u,p) = 3 / (v’ + ouul — Au® — pul + 2(p — Du + u(p — 1)?) da. (1.5)
R
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