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is present but also in the analysis of fluid interphases. We
provide an extension of a pointwise inequality that plays a role
in their study. We begin recalling two scenarios where it has
Keywords: been used. After stating the results, for fractional Laplace—
Pointwise inequality Beltrami and Dirichlet—Neumann operators, we provide a
Laplace-Beltrami operators sketch of their proofs, unravelling the underlying principle to
Bochner subordination principle such inequalities.
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1. Introduction

In this exposition we shall extend to a more general framework the following remark-
able pointwise inequality

A%(e(M)(x) < ¢'(f(2)) - A" f(x) (1.1)
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valid for any convex function ¢ € C'(R) and f in the Schwartz class S(R"), where
A = (=A)®/? is defined as usual through the Fourier transform as

A2B(€) = [¢]°0(¢)

The inequality holds also in the periodic setting and the proof provided in [5] follows
directly from the representation

Aa
/ |1. |n+o¢

where ¢, > 0 together with the convexity hypothesis ¢(f(z)) — ¢(f(y)) <
&' (f(2))(f(z) — f(y)). Despite its apparent simplicity its validity is quite surprising
given the non-local character of the involved operators. It had also found several inter-
esting applications to non-lineal non-local evolution problems. Let us describe briefly

two of them.
1.1. Transport equations

Suppose that we are confronted in R™ or T" with the following initial value problem

Or(z,t) + u(z,t) - Vib(z, t) = —kA*0(z,t)
0(x,0) = Oy(x)
where the velocity vector u is divergence-free and « > 0 is the viscosity coefficient. Then

the pointwise inequality (1.1) is crucial to obtain the following maximum principle (see
[6] for details):
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where § = 525, O = C(k,a, ||0ollp) > 0and 1 < p < 0.
An important case of this is the surface quasi-geostrophic equation in which case
the velocity field of the active scalar 6 is given in terms of the Riesz transforms as
= (—=R20, R10). In [6] the pointwise inequality was used to prove that the system
above has solution valid in all time ¢ > 0 for any initial datum 6, in the Sobolev space
H(R?). It also appears, for example, in [4] where regularity results for critical diffusion

(a = 1) are settled.
1.2. Interface evolution

In the theory of water waves or the Muskat and Hele-Shaw flows inside a porous
media the inequality (1.1) had played a role in the study of the evolution of the free
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