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We prove that on the set of lattice paths with steps N = (0, 1)
and F = (1,0) that lie between two fixed boundaries T" and
B (which are themselves lattice paths), the statistics ‘number
of E steps shared with B’ and ‘number of E steps shared
with 7”7 have a symmetric joint distribution. To do so, we
give an involution that switches these statistics, preserves
additional parameters, and generalizes to paths that contain
steps S = (0, —1) at prescribed z-coordinates. We also show
that a similar equidistribution result for path statistics follows
from the fact that the Tutte polynomial of a matroid is
independent of the order of its ground set. We extend the
two theorems to k-tuples of paths between two boundaries,
and we give some applications to Dyck paths, generalizing a
result of Deutsch, to watermelon configurations, to pattern-
avoiding permutations, and to the generalized Tamari lattice.
Finally, we prove a conjecture of Nicolas about the distribution
of degrees of k consecutive vertices in k-triangulations of a
convex n-gon. To achieve this goal, we provide a new statistic-
preserving bijection between certain k-tuples of non-crossing
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paths and k-flagged semistandard Young tableaux, which is
based on local moves reminiscent of jeu de taquin.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction?

In the first few sections of this paper we present two general theorems about lattice
paths, together with several applications. Both theorems concern the set of lattice paths
taking unit north and east steps, starting at the origin and ending at some prescribed
point (z,y). Additionally, the paths are required to stay within a fixed region, whose
boundaries are also lattice paths from the origin to (x,y).

Informally, the first theorem states that the joint distribution of the number of contacts
with the top boundary and the number of contacts with the bottom boundary of the
given set of lattice paths is symmetric. We provide a bijective proof of a generalization
to paths that also contain south steps in Section 3. The second theorem states that the
joint distribution of the number of top and the number of right contacts coincides with
the joint distribution of the number of bottom and the number of left contacts. Its proof
uses matroid theory, and it is presented in Section 4 and Appendix A. When specialized
to a triangular region, both theorems reduce to a result of Emeric Deutsch [12,13] stating
that, over the set of Dyck paths, the joint distribution of the number of returns and the
height of the first peak is symmetric.

Some applications of our theorems are described in Section 6, including enumerative
results on lattice paths with contacts in various regular regions, and a symmetry prop-
erty on permutations with occurrences of a certain pattern at prescribed positions. We
also establish a link between a map used in our proof and the covering relation in the
generalized Tamari lattices recently introduced by Frangois Bergeron [5].

Both theorems generalize naturally to families of non-intersecting paths, as shown in
Section 5. Again, a particular case of interest is obtained by confining the paths to a
triangular region, in which case the configurations are known in physics as ‘watermelons’.
To enumerate watermelons according to the number of contacts, we can use our result to
reduce the problem to the enumeration of non-intersecting paths in a slightly modified
region (see Section 6.5). This can then be tackled using the classical Lindstrém-Gessel-
Viennot lemma, as shown by Christian Krattenthaler [28].

Section 7 contains our second main contribution, which is a new connection between
two seemingly separate topics in algebraic combinatorics. We exhibit a natural weight-
preserving bijection between k-flagged semistandard Young tableaux of shape A\, as
appearing when studying Schubert polynomials [36], and families of k non-intersecting
paths confined to a region of the same shape A\. We use this bijection to establish a

3 For a slightly more elaborate introduction, we refer the reader to the arXiv preprint [17].
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