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Mathieu moonshine attaches a weak Jacobi form of weight 
zero and index one to each conjugacy class of the largest spo-
radic simple group of Mathieu. We introduce a modification 
of this assignment, whereby weak Jacobi forms are replaced 
by semi-holomorphic Maass–Jacobi forms of weight one and 
index two. We prove the convergence of some Maass–Jacobi 
Poincaré series of weight one, and then use these to charac-
terize the semi-holomorphic Maass–Jacobi forms arising from 
the largest Mathieu group.

© 2015 Elsevier Inc. All rights reserved.

✩ The research of the first author was supported by the Alfried Krupp Prize for Young University Teachers 
of the Krupp foundation and the research leading to these results has received funding from the European 
Research Council under the European Union’s Seventh Framework Programme (FP/2007-2013) / ERC 
Grant agreement No. 335220-AQSER. The research of the second author was supported in part by the 
Simons Foundation (#316779) and the U.S. National Science Foundation (DMS 1203162). The third author 
thanks the University of Cologne and the DFG for their generous support via the University of Cologne 
postdoc DFG Grant D-72133-G-403-151001011.
* Corresponding authors.

E-mail addresses: kbringma@math.uni-koeln.de (K. Bringmann), john.duncan@case.edu (J. Duncan), 
lrolen@math.uni-koeln.de (L. Rolen).

http://dx.doi.org/10.1016/j.aim.2015.05.003
0001-8708/© 2015 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.aim.2015.05.003
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:kbringma@math.uni-koeln.de
mailto:john.duncan@case.edu
mailto:lrolen@math.uni-koeln.de
http://dx.doi.org/10.1016/j.aim.2015.05.003
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2015.05.003&domain=pdf


K. Bringmann et al. / Advances in Mathematics 281 (2015) 248–278 249

Mathieu group
Mathieu moonshine

1. Introduction and statement of results

The Mathieu groups were discovered by Mathieu over 150 years ago [45,46]. Today, 
we recognize them as five of the 26 sporadic simple groups, serving as the exceptions to 
the general rule that most finite simple groups, namely the non-sporadic ones, are either 
cyclic of prime order, alternating of degree five or more, or finite of Lie type. This is 
the content of the classification of finite simple groups [1]. The largest Mathieu group, 
denoted M24, may be characterized as the unique (up to isomorphism) proper subgroup 
of the alternating group of degree 24 that acts quintuply transitively on 24 points [19]. 
The stabilizer of a point in M24 is the sporadic Mathieu group M23.

In 1988, Mukai established a surprising role for M23 in geometry by showing that it 
controls, in a certain sense, the finite automorphisms of certain complex manifolds of 
dimension two. More precisely, he proved [48] that any finite group of symplectic auto-
morphisms of a complex K3 surface is isomorphic to a subgroup of M23 that has five orbits 
in the natural permutation representation on 24 points. Furthermore, any such subgroup 
may be realized via symplectic automorphisms of some complex K3 surface. For certain 
purposes, such as in mathematical physics, K3 surfaces serve as higher dimensional ana-
logues of elliptic curves. For example, they are well-adapted to the constructions of string 
theory (see e.g. [2]). All complex K3 surfaces have the same diffeomorphism type, so we 
may consider one example, such as the Fermat quartic {X4

1 +X4
2 +X4

3 +X4
4 = 0} ⊂ P3, 

and regard the general K3 surface as a choice of complex structure on its underlying real 
manifold. Any K3 surface admits a non-vanishing holomorphic two-form, unique up to 
scale, and an automorphism that acts trivially on this two-form is called symplectic. We 
refer to [3,5] for more background on K3 surfaces.

In 2010, Eguchi, Ooguri, and Tachikawa made a stunning observation [26] that relates 
the largest Mathieu group M24 to K3 surfaces. To describe this, let Z(τ ; z) be the unique 
weak Jacobi form of weight zero and index one satisfying Z(τ ; 0) = 24. It can be shown 
that Z may be written in the form (throughout q := e2πiτ )

Z(τ ; z) = 24A(τ ; z)θ1(τ ; z)2

η(τ)3 + A(q)q− 1
8
θ1(τ ; z)2

η(τ)3 (1.1)

for some series A(q) =
∑

n≥0 Anq
n ∈ Z[[q]], where θ1 is the usual Jacobi theta function

θ1(τ ; z) := i
∑
n∈Z

(−1)nζ
(
n+ 1

2
)
q

1
2
(
n+ 1

2
)2
,
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