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In this paper we prove that the Bernstein–Sato polynomial 
of any free divisor for which the D[s]-module D[s]hs admits 
a Spencer logarithmic resolution satisfies the symmetry 
property b(−s − 2) = ±b(s). This applies in particular to 
locally quasi-homogeneous free divisors (for instance, to free 
hyperplane arrangements), or more generally, to free divisors 
of linear Jacobian type. We also prove that the Bernstein–Sato 
polynomial of an integrable logarithmic connection E and of 
its dual E∗ with respect to a free divisor of linear Jacobian 
type are related by the equality bE(s) = ±bE∗ (−s − 2). Our 
results are based on the behaviour of the modules D[s]hs and 
D[s]E[s]hs under duality.

© 2015 Elsevier Inc. All rights reserved.

0. Introduction

In [16] Granger and Schulze proved that the Bernstein–Sato polynomial of any reduc-
tive prehomogeneous determinant or of any regular special linear free divisor satisfies 
the equality b(−s − 2) = ±b(s). Their proof is based on Sato’s fundamental theorem 
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for irreducible reductive prehomogeneous spaces. This symmetry property has been also 
checked for many other examples of linear (see for instance [16] and [32]) and non-linear 
free divisors (e.g. quasi-homogeneous plane curves and the examples in [27]). In this 
paper we prove the above symmetry property for free divisors for which the D[s]-module 
D[s]hs admits a logarithmic Spencer resolution (see Theorem (4.1) for a precise state-
ment). This hypothesis holds for any free divisor of linear Jacobian type, and so for 
any locally quasi-homogeneous free divisor (for instance, free hyperplane arrangements 
or discriminants of stable maps [22, Corollary 6.13] in Mather’s “nice dimensions” [24]; 
“nice dimensions” are those dimensions of source and target manifolds for which stable 
proper mappings are dense in the proper mappings).

The main ingredient of the proof is the explicit description of the D[s]-dual of D[s]hs

by means of the logarithmic duality formula in [7,8].
Let us mention that for any quasi-homogeneous germ h : (Cd, 0) → (C, 0) with iso-

lated singularity, its reduced Bernstein–Sato polynomial ̃b(s) = b(s)
s+1 satisfies the equality 

b̃(s) = ±b̃(−s − d). This result and ours suggest that both are extremal cases of a whole 
family of “pure” cases where symmetry properties occur with other intermediate shiftings 
(see Question (6.2)). One can expect even that in the “non-pure” cases, the factors of the 
Bernstein–Sato polynomial which break the symmetry appear as minimal polynomials 
of the action of s on other D[s]-modules attached to our singularity (see for instance the 
examples in [28, §3]), possibly related with the microlocal structure.

Let us now comment on the content of the paper.
In Section 1 we recall the different conditions and hypotheses on free divisors we will 

use throughout the paper. In Section 2 we recall the logarithmic Bernstein construction 
and we study the hypotheses we will need later to prove our main results. In Section 3
we apply the duality formula in [8] to describe the D[s]-dual of D[s]hϕ(s), where ϕ is a 
C-algebra automorphism of C[s], under the hypotheses studied in Section 2. In Section 4
we prove the symmetry property b(−s −2) = ±b(s) under the above hypotheses. The idea 
of the proof is the following: once we know that the D[s]-dual of D[s]hs (resp. of D[s]hs+1) 
is concentrated in degree 0 and is isomorphic to D[s]h−s−1 (resp. to D[s]h−s−2), we can 
compute the D[s]-dual of the exact sequence

0 → D[s]hs+1 → D[s]hs → Q := (D[s]hs) /
(
D[s]hs+1) → 0

and deduce that the D[s]-dual of Q is concentrated in degree 1 and is isomorphic to 
D[s]h−s−2/D[s]h−s−1. From here the symmetry property comes up. At the end of the 
section we give some applications to the logarithmic comparison problem and a charac-
terization of the logarithmic comparison theorem for Koszul free divisors. In Section 5
we generalize the above results to the case of integrable logarithmic connections with 
respect to free divisors of linear Jacobian type. In Section 6 we have included some 
open questions dealing with the relationship between the results of [16] and ours, and 
with the symmetry properties of (reduced) Bernstein–Sato polynomials in the non-free 
case. Finally, and for the ease of the reader, we have included an Appendix A with a 
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