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1. Introduction

We will prove a general result that will have six seemingly unrelated classes of number
theoretic applications. Unfortunately, it will take several pages to state this result. After
this we describe the applications and then prove our theorem.

The @Q-Cantor series expansion, first studied by G. Cantor in [10] is a natural general-
ization of the b-ary expansion. Let Ny, := Z N [k, 00). If Q € N then we say that Q is a
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basic sequence. If lim,,_,, ¢,, = 00, then we say that @ is infinite in limit. Given a basic
sequence @ = {¢,}52,, the Q-Cantor series expansion of a real = in R is the (unique)
expansion of the form

x = Eo(z Z (1.1)

q192 -

where Eo(z) = |z] and E,(z) is in {0,1,---,¢g, — 1} for n > 1 with E,(z) # ¢, — 1
infinitely often. We will write F,, in place of E,(x) when there is no room for confu-
sion. Moreover, we will abbreviate (1.1) with the notation x = FEy.E1E3Fs5- -+ w.r.t. Q.
Clearly, the b-ary expansion is a special case of (1.1) where ¢,, = b for all n. If one thinks
of a b-ary expansion as representing an outcome of repeatedly rolling a fair b-sided die,
then a @Q-Cantor series expansion may be thought of as representing an outcome of rolling
a fair ¢; sided die, followed by a fair g» sided die and so on.

The study of normal numbers and other statistical properties of real numbers with
respect to large classes of Cantor series expansions was started by P. Erdés, A. Rényi
and P. Turdn. This early work was done by P. Erdds and A. Rényi in [17] and [18] and
by A. Rényi in [36-38] and by P. Turdn in [42].

We recall the following standard definitions (see [23]). An asymptotic distribution
function f : [0,1] — [0, 1] is a non-decreasing function such that f(0) =0 and f(1) =
For a sequence of real numbers w = {z,,} with z,, € [0,1) and an interval I C [0, 1], define
Ap(I,w) = #{i <n:x € I}. A sequence of real numbers w = {x,} has asymptotic
distribution function f if

lim A, ([0,2),w)

n—00 n

= f(@).

For the rest of this paper we will abbreviate asymptotic distribution function as adf. We

say that a sequence w is uniformly distributed mod 1 if w has f(z) = z as its adf. For

the rest of this paper we will abbreviate uniformly distributed mod 1 as u.d. mod 1.

Clearly, not all sequences have an adf. A sequence of real numbers w = {x,,} has upper

asymptotic distribution function f if

A,([0.2),0) _ -
n

lim
n— oo

f(@).
The sequence w has lower asymptotic distribution function f if

A
lim inf 771([0’ z),w)

n— 00 n

= [f(@).

Every sequence of real numbers w has an upper and a lower adf. We note that the
sequence w has adf f(z) if and only if f = f = f

A great deal of information about the b-ary expansion of a real number x may be
obtained by studying the distributional properties of the sequence Op(z) := {b"z}72,.
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