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Selberg-type integrals that can be turned into constant term
identities for Laurent polynomials arise naturally in conjunc-
tion with random matrix models in statistical mechanics.
Built on a recent idea of Karasev and Petrov we develop a
general interpolation based method that is powerful enough
to establish many such identities in a simple manner. The
main consequence is the proof of a conjecture of Forrester re-
lated to the Calogero—Sutherland model. In fact we prove a
more general theorem, which includes Aomoto’s constant term
identity at the same time. We also demonstrate the relevance
of the method in additive combinatorics.
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1. Introduction

Perhaps the most famous constant term identity is the one associated with the name of
Freeman Dyson. In his seminal paper [13] dated back to 1962, Dyson proposed to replace
Wigner’s classical Gaussian-based random matrix models by what now is known as the
circular ensembles. The study of their joint eigenvalue probability density functions led
Dyson to the following conjecture. Consider the family of Laurent polynomials

D(x;a):= ][] (1_ i—;)a
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parametrized by a sequence @ = (a1,...,a,) of nonnegative integers, where & =
(1,...,%,) is a sequence of indeterminates. Denoting by CT[L(x)] the constant term

of the Laurent polynomial £ = L(x), Dyson’s hypothesis can be formulated as the
identity

CTp(@ia)) = Mgt el ()
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where |a] = a1 + a2 + -+ + a,. Using the shorthand notation D(x; k) for the equal
parameter case a = (k, ..., k), the constant term of D(x; k) for k = 1,2, 4 corresponds
to the normalization factor of the partition function for the circular orthogonal, unitary
and symplectic ensemble, respectively.

Dyson’s conjecture was confirmed by Gunson [unpublished]? and Wilson [49] in the
same year. The most elegant proof, based on Lagrange interpolation, is due to Good [22].

Let ¢ denote yet another independent variable. In 1975 Andrews [4] suggested the
following g-analogue of Dyson’s conjecture: The constant term of the Laurent polynomial
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must be the g-multinomial coefficient
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where (t)p = (1 —t)(1 — tq)...(1 — tg*~!). Note that the slight asymmetry of the
function D, disappears when one considers D = Di; specializing at ¢ = 1, Andrews’
conjecture gives back that of Dyson.

3 Gunson’s proof is similar to that of Wilson, cf. [13]. A related conjecture of Dyson is proved by Gunson
in [23].



Download English Version:

https://daneshyari.com/en/article/4665454

Download Persian Version:

https://daneshyari.com/article/4665454

Daneshyari.com


https://daneshyari.com/en/article/4665454
https://daneshyari.com/article/4665454
https://daneshyari.com

