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This paper examines dimension of the graph of the famous 
Weierstrass non-differentiable function

Wλ,b(x) =
∞∑

n=0
λn cos

(
2πbnx

)

for an integer b ≥ 2 and 1/b < λ < 1. We prove that 
for every b there exists (explicitly given) λb ∈ (1/b, 1) such 
that the Hausdorff dimension of the graph of Wλ,b is equal 
to D = 2 + log λ

log b
for every λ ∈ (λb, 1). We also show that 

the dimension is equal to D for almost every λ on some 
larger interval. This partially solves a well-known thirty-year-
old conjecture. Furthermore, we prove that the Hausdorff 
dimension of the graph of the function

f(x) =
∞∑

n=0
λnφ

(
bnx

)

✩ Krzysztof Barański was partially supported by Polish NCN Grant N N201 607940. Balázs Bárány was 
supported by the fellowship of the Warsaw Center of Mathematics and Computer Science – KNOW.
* Corresponding author.

E-mail addresses: baranski@mimuw.edu.pl (K. Barański), balubsheep@gmail.com (B. Bárány), 
romanoju@mimuw.edu.pl (J. Romanowska).

http://dx.doi.org/10.1016/j.aim.2014.07.033
0001-8708/© 2014 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.aim.2014.07.033
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:baranski@mimuw.edu.pl
mailto:balubsheep@gmail.com
mailto:romanoju@mimuw.edu.pl
http://dx.doi.org/10.1016/j.aim.2014.07.033
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2014.07.033&domain=pdf


K. Barański et al. / Advances in Mathematics 265 (2014) 32–59 33

for an integer b ≥ 2 and 1/b < λ < 1 is equal to D for a 
typical Z-periodic C3 function φ.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction and statements

This paper is devoted to the study of dimension of the graphs of functions of the form

fφ
λ,b(x) =

∞∑
n=0

λnφ
(
bnx

)
(1.1)

for x ∈ R, where b > 1, 1/b < λ < 1 and φ : R → R is a non-constant Z-periodic 
Lipschitz continuous piecewise C1 function. The famous example

Wλ,b(x) =
∞∑

n=0
λn cos

(
2πbnx

)
,

for φ(x) = cos(2πx), was introduced by Weierstrass in 1872 as one of the first examples of 
a continuous nowhere differentiable function on the real line. In fact, Weierstrass proved 
the non-differentiability for some values of the parameters, while the complete proof was 
given by Hardy [9] in 1916. Later, starting from the work of Besicovitch and Ursell [5], 
the graphs of fφ

λ,b and related functions were studied from a geometric point of view as 
fractal curves in the plane.

The graph of a function fφ
λ,b of the form (1.1) is approximately self-affine with scales 

λ and 1/b, which suggests that its dimension should be equal to

D = 2 + log λ
log b .

Indeed, Kaplan, Mallet-Paret and Yorke [12] proved that the box dimension of the graph 
of every function (1.1) or, more general, every function of the form

f(x) =
∞∑

n=0
λnφ

(
bnx + θn

)
, (1.2)

where θn ∈ R, is equal to D. However, the question of determining the Hausdorff dimen-
sion turned out to be much more complicated.

In 1986, Mauldin and Williams [18] proved that if a function f has the form (1.2), 
then for given D there exists a constant C > 0 such that the Hausdorff dimension of 
the graph is larger than D − C/ log b for large b. Shortly after, Przytycki and Urbański 
showed in [21] that the Hausdorff dimension of the graph of f is larger than 1 under 
some weaker assumptions.
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