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We investigate the instability and stability of some steady-
states of a three-dimensional nonhomogeneous incompressible
viscous flow driven by gravity in a bounded domain (2 of
class C2. When the steady density is heavier with increasing
height (i.e., the Rayleigh—Taylor steady-state), we show that
the steady-state is linear unstable (i.e., the linear solution
grows in time in H?) by constructing a (standard) energy
functional and exploiting the modified variational method.
Then, by introducing a new energy functional and using a
careful bootstrap argument, we further show that the steady-
state is nonlinear unstable in the sense of Hadamard. When
the steady density is lighter with increasing height, we show,
with the help of a restricted condition imposed on steady
density, that the steady-state is linearly globally stable and
nonlinearly asymptotically stable in the sense of Hadamard.
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1. Introduction

The motion of a three-dimensional (3D) nonhomogeneous incompressible viscous fluid
in the presence of a uniform gravitational field in a bounded domain §2 C R3 of C?-class
is governed by the following Navier—Stokes equations [21]:

Pt +v- V,O = 07
pve + pv - Vv + Vp = uAv — gpes, (1.1)
divv =0,

where the unknowns p := p(¢,x), v := v(t,x) and p := p(t, x) denote the density, velocity
and pressure of the fluid, respectively; p > 0 stands for the coefficient of shear viscosity,
g > 0 for the gravitational constant, es = (0,0, 1) for the vertical unit vector, and —ges
for the gravitational force. In the system (1.1) Eq. (1.1); is the continuity equation, while
(1.1)5 describes the balance law of momentum.

The stability /instability of viscous incompressible flows governed by the Navier—Stokes
equations is a classical subject with a very extensive literature over more than 100 years.
In this paper we study the instability and stability of the following steady-state to the
system (1.1):

v(t,x) =0,

Vp = —pges in 2.
It is easy to show that the steady density p only depends on 3, the third component of x,
provided p € C*(£2). Hence we denote p' := 8,,p in this paper for simplicity. Moreover,

we can compute out the corresponding steady pressure p determined by p. Now, denote
the perturbation by

then, (o, u,q) satisfies the perturbed equations:
or+u-V(o+p)=0,

(04 p)u + (0 + p)u- Vu+ Vg = pAu — goes, (1.2)
divu = 0.
To complete the statement of the perturbed problem, we specify the initial and boundary
conditions:
(0;u)]t=0 = (00,10) in 2 (1.3)
and
ulpn =0 for any ¢t > 0. (1.4)

Moreover, the initial data should satisfy the compatibility condition divug = 0.
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